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Abstract

In this paper, we test alternative feature selection methods for bankruptcy prediction and
illustrate their superiority versus popular models used in the literature. We test these methods
using a comprehensive dataset of more than one million financial statements covering the entire
universe of privately held Norwegian SMEs in 2006-2017. Our methods can choose among 155
accounting-based input variables derived from prior literature. We find that the input variables
chosen by an embedded least absolute shrinkage and selection operator (LASSO) method yield
the best in-sample fit and out-of-sample performance. We show in a simulation, which mimics
a real-world competitive credit market, that using LASSO to choose bankruptcy predictors
improves credit risk pricing and decision making, resulting in significantly higher bank profits.
Finally, we show that model performance can be further improved by running feature selection
methods on sub-sets of the company universe, such as for example within-industry.
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1. Introduction

Bankruptcy prediction models are important for banks to facilitate the calculation of risk-
weighted assets and to assess lending rates. Further, bankruptcy prediction is important for
regulators as a key element for the analysis of financial markets and for the on-site supervision
of banks (Bernhardsen and Larsen, 2007). There is a vast academic literature on bankruptcy
prediction (e.g., Altman, 1968; Taffler, 1984; Zmijewski, 1984; Hérdle et al., 2009; Tian et al.,
2015). However, the choice of input variables used for bankruptcy prediction is often ad-hoc
and still actively debated among both academics and practitioners.!

In this paper, we use alternative feature selection methods to derive discrete hazard models
for bankruptcy prediction from a comprehensive set of 155 input variables used in previous
research. We apply three different feature selection methods: a filter method using the Pearson
correlation coeflicient as criterion, a wrapper method using the improved floating forward se-
lection algorithm, and an embedded least absolute shrinkage and selection operator (LASSO)
method. We combine these feature selection methods with state-of-the art statistical and ma-
chine learning estimation techniques for bankruptcy prediction: logistic regression (LR) and a
deep artificial neural network (DNN). We then compare the variable sets chosen by the different
feature selection methods against each other and against benchmark sets of popular bankruptcy
prediction models (Altman, 1968; Taffler, 1984; Zmijewski, 1984; Altman and Sabato, 2007;
Bernhardsen and Larsen, 2007).

We apply our feature selection-based bankruptcy prediction models to more than one mil-
lion financial statements which form the universe of all privately held small and medium-
sized enterprises (SMEs) in Norway over the time period 2006-2017. Most prior studies on
bankruptcy prediction are limited to larger and listed companies (e.g., Campbell et al., 2008;
Tian et al., 2015; Liang et al., 2016) and only very few focus on private companies and SMEs
(e.g., Altman and Sabato, 2007). However, SMEs represent a large part of the economy, and
loans to SMEs represent a significant proportion of the portfolios of most banks (Blochlinger
and Leippold, 2006). Moreover, lending to SMEs has a strong positive effect on bank prof-
itability and contributes to portfolio diversification, even if it is generally riskier than lending
to larger companies (Dietsch and Petey, 2004; Altman and Sabato, 2007). SMEs and newly
founded firms rely to a large extent on bank credit (Carbd-Valverde et al., 2009; Robb and
Robinson, 2012), which often substitutes expensive trade credit (Fisman and Love, 2003).

Still, access to external financing, especially to bank financing, is an important growth con-

'See, e.g., Fitzgerald (2009) and Toplensky (2020).



straint for SMEs (Beck and Demirguc-Kunt, 2006; Beck et al., 2008). One probable reason is
that bankruptcy prediction is arguably more difficult for privately held SMEs than for public
firms because reporting requirements are significantly lower and due to a lack of market-based
information. In fact, studies on bankruptcy prediction of private SMEs have to rely exclusively
on financial statement information. In our study, we use an extensive set of accounting-based
predictors, including the combined set of all variables used in a large number of prior stud-
ies. Notwithstanding difficulties in bankruptcy predictions of SMEs, privately held SMEs are
particularly well-suited to test bankruptcy prediction models, as bankruptcies are significantly
more frequent among SMEs than among large public corporations.?

Our empirical results show that feature selection methods produce input variables for pre-
dicting bankruptcy that are superior to using variable sets drawn from prior research. When
comparing different feature selection methods, our results show that the best in-sample fit and
out-of-sample performance are achieved when input variables are chosen by the LASSO and
wrapper methods. However, we find that the former yields variables which are much more sta-
ble over time. In addition, the LASSO method is computationally less demanding. Hence, the
LASSO method overall shows the best performance in predicting bankruptcies of SMEs. Our
findings are robust to either using the machine learning estimation technique DNN or the statis-
tical estimation technique LR, as well as across different time periods. Finally, when comparing
the estimation techniques, for a given feature selection method, we find that DNN is generally
superior to LR, but improvements achieved by DNN over LR are statistically insignificant.
These findings apply to both in-sample fit and out-of-sample performance when using com-
mon metrics for evaluating bankruptcy prediction models, including the area under the receiver
operating characteristic curve (AUC), Brier score, and the Akaike information criterion (AIC).

In the second part of the paper, we investigate the implications of various bankruptcy pre-
diction models on credit risk pricing and decision making, ultimately affecting bank profitabil-
ity, by mimicking a real-world competitive credit market in a simulation following the frame-
work of Blochlinger and Leippold (2006). In contrast to commonly used metrics for model
evaluation, our simulation accounts for the cost asymmetry between erroneously predicting a
bankruptcy event that did not happen versus erroneously not predicting a bankruptcy that ma-

terialized. We show that the input variables chosen by the LASSO method result in a lower

’In our sample, 1.72% of the 1,002,325 observations are bankruptcies. In contrast, samples including public
corporations include much less bankruptcies. For example, Campbell et al. (2008) report an average rate of
bankruptcies of 0.52% in their sample of companies over the years 1963 to 1998, while the rate of annual financial
statements defined as bankrupt by Tian and Yu (2017) is 0.19% in their study of British, French, German, and
Japanese companies from 1998 to 2012.



proportion of bankrupt borrowers in the loan portfolio compared to input variables included in
popular bankruptcy prediction models or variables chosen by the filter and wrapper methods.
Moreover, we show that the LASSO method yields the highest bank profit over the sample
period, independent of different configurations of the simulation. Specifically, using the set
of variables selected by the LASSO method results in an average decrease in the proportion
of bankrupt borrowers in the loan portfolio by 74% and 25% and an average increase in bank
profits by 49% and 84 %, respectively, compared to the variable sets yielding the second and
third highest bank profits. This analysis highlights the importance of carefully choosing the
bankruptcy prediction model as even small differences in model performance, as determined
by commonly used metrics for model evaluation, such as for instance AUC, can significantly
impact bank profitability. Further, we show in a second simulation that even higher bank prof-
itability can be achieved if the LASSO method is specified at the industry-level.

Our paper is not the first to analyze the potential value added by applying feature selection
methods and machine learning techniques to bankruptcy prediction models. Our main contri-
bution to the prior literature on bankruptcy prediction is to compare the in- and out-of-sample
predictive power of different feature selection methods in combination with state-of-the art
statistical and machine learning estimation techniques for bankruptcy prediction, and to com-
pare them to popular benchmark models, such as Altman (1968) or Altman and Sabato (2007),
among others. Moreover, we assess the stability of different feature selection methods. Finally,
besides using standard metrics of model evaluation, we conduct a simulation study, which mim-
ics a real-world competitive credit market, to shed light on how the use of different bankruptcy
prediction models affects banks’ market shares, credit spreads, and profitability.

A paper related to ours is Liang et al. (2016) who use feature selection methods to reduce
irrelevant variables when assessing the predictive power of financial ratios versus non-financial
corporate governance indicators in samples of listed Taiwanese and Chinese firms. The au-
thors conclude that the model’s in-sample performance is slightly better when using a wrapper
feature selection method compared to using filter methods or no feature selection method at
all. However, the authors do not consider LASSO or other embedded methods, which we
show to be superior to any other feature selection method. Moreover, they do not compare
the performance of models relying on feature selection methods to the performance of popular
bankruptcy prediction models proposed in prior literature. Finally, they do not analyze the sta-
bility of variables chosen by feature selection methods. Another paper closely related to ours
is Hirdle et al. (2009) who explore the suitability of smooth support vector machines (SSVM)
as an estimation technique for predicting bankruptcy. They also investigate the effect of differ-

ent feature selection methods on the predictive power of the models. However, this analysis is



conditioned on using SSVM. Additional papers related to ours are Tian et al. (2015) and Tian
and Yu (2017). However, they do not compare different feature selection methods, but compare
one, LASSO, to popular bankruptcy prediction models proposed in prior literature and find
that, not surprisingly, LASSO is superior. Moreover, the focus of both these papers is different
from ours. Both studies use datasets of public corporations and Tian et al. (2015) focus on
the predictive power of accounting-based versus market-based predictor variables. Tian and
Yu (2017) apply their models to an international dataset of listed firms to compare differences
in chosen predictor variables across different countries. Finally, a study that analyzes SMEs
is Altman and Sabato (2007) who derive a model for bankruptcy prediction that specifically
targets SMEs. To this end, they use a sample of about 2,000 U.S. SMEs. However, they do not
use feature selection methods to choose the predictors, but rely on a forward stepwise selection
procedure to select five predictors out of a set of 17 popular accounting-based variables used in
prior literature.

Our paper is also related to the recent literature in financial economics that uses machine
learning estimation techniques to select predictive variables more generally. Gu et al. (2020),
for example, compare the ability of alternative machine learning techniques to identify factors
that predict asset prices. More generally, machine learning techniques are increasingly used
to tame the factor zoo (see, e.g., Bryzgalova et al., 2021; DeMiguel et al., 2020; Feng et al.,
2020; Freyberger et al., 2020; Kozak et al., 2020), to derive conditioning information in asset
pricing models (Chen et al., 2021), or to form mean-variance efficient portfolios (e.g., Rossi,
2018; Bryzgalova et al., 2021; Chen et al., 2021; Cong et al., 2020). Chinco et al. (2019)
use the LASSO method to predict rolling one-minute-ahead return forecasts and find that it
significantly improves out-of-sample fit by identifying predictors that are associated with eco-
nomically meaningful events.> The LASSO method is also applied to other areas in finance
than asset pricing. Hautsch et al. (2014) and Ogneva et al. (2019), for example, use LASSO
for the selection of relevant variables for measuring systemic risk. Han and Kong (2020) use
machine learning estimation techniques to study the serial dependence of commodity futures
returns and assess in- and out-of-sample predictability. They find that out-of-sample forecasts
based on LASSO are superior to more complex machine learning techniques, such as for in-
stance regression trees. Machine learning techniques are also applied in real estate research.
For instance, Sadhwani et al. (2021) use DNNs to estimate mortgage prepayments, delinquen-

cies, and foreclosures. Finally, machine learning techniques are also applied in text analysis.

3For a recent survey of asset pricing research using machine learning estimation techniques for factor selection,
see Weigand (2019).



For instance, Calomiris and Mamaysky (2019) and Addmmer and Schiissler (2020) use con-
tents from newspaper articles to predict stock returns. The former study employs the LASSO
framework to explore dynamic changes in coefficients, while the latter shows that the LASSO
framework leads to improved forecasts. Garcia et al. (2021) and Kelly et al. (2021) use ma-
chine learning algorithms to classify the sentiment in congressional speeches and news articles
as well as in conference call scripts, respectively. Azimi and Agrawal (2021) use recurrent
neural networks to measure sentiment in 10K filings and find that sentiment measured using
machine learn techniques predicts abnormal returns. Binz et al. (2022), Cao and You (2021),
and Chen et al. (2022) apply machine learning techniques to forecast corporate earnings. Zhang
(2021) applies natural language processing models and neural networks to predict mutual fund

performance using the textual information disclosed in mutual fund shareholder letters.

2. Data and variables

2.1. Sample

In this study, we analyze all unconsolidated annual financial statements of the universe of
privately held Norwegian limited liability SMEs from the accounting years 2006-2017. Dates
of all filings for bankruptcy by these companies in the years 2006-2020 are provided by the
Norwegian government agency Brgnngysund Register Centre. Following the EU recommen-
dation 2003/361, we define a company as SME if its turnover is not more than EUR 50 millions
or total assets are not more than EUR 43 millions.* As very small firms usually have no or very
limited debt on their books, with capital mostly put up by the owners, we restrict our sample to
firms with total assets above NOK 500,000. By doing so, we follow the central bank of Norway
in the development of their so-called ”"SEBRA model”, a bankruptcy prediction model widely
used by Norwegian authorities (Bernhardsen and Larsen, 2007). Note that such small firms are
also prone to outlier and data errors problems.

Following prior literature (e.g., Mansi et al., 2012), we furthermore exclude financial state-
ments of companies in certain industries. Specifically, we exclude financial statements of com-
panies in the industries 'Financial and insurance activities’, 'Real estate activities’, ’Public ad-

ministration and defence’, ’Electricity and gas supply’, and 'Water supply, sewerage, waste’.>

*A somewhat similar definition is found in Basel III in which an SME is a company with sales not larger than
EUR 50 millions. The EU recommendation 2003/361 defines a company as SME based on, firstly, the number of
employees and, secondly, either turnover or total assets. We rely on the latter classification since the number of
employees is not available in our data.

SWe categorize financial statements in the dataset into industries according to the highest level, i.e., sections,
in the Norwegian Standard Industrial Classification (SIC2007). This standard is based on UN’s ISIC Rev. 4 and
EU’s NACE Rev. 2. See www.ssb.no/nace for an overview.
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We also exclude financial statements of companies which have not reported any industry includ-
ing companies for investment and holding purposes only. Our final sample includes 1,002,325
financial statements, published by 192,953 companies, that pass these filters.

We categorize the financial statements as bankrupt or non-bankrupt by following the defi-
nition of the central bank of Norway in the development of their SEBRA model (Bernhardsen
and Larsen, 2007). In particular, we categorize a financial statement as bankrupt if i) it is the
last financial statement of the underlying company and ii) the company has filed for bankruptcy
within three years from the balance sheet date of this last financial statement. Our classification
results in 17,290 (or 1.72%) of the 1,002,325 financial statements in our sample being eventu-

ally categorized as bankrupt. We categorize all other financial statements as non-bankrupt.®

2.2. Input variables

From each financial statement, we retrieve values for 155 input variables, which our fea-
ture selection methods can choose from. As our sample includes private SMEs, for which
no market data is available, we are forced to restrict the set of predictors to accounting-based
variables.” Our choice of 155 input variables is based on prior bankruptcy studies, including
Altman (1968), Ohlson (1980), Taffler (1984), Zmijewski (1984), Shumway (2001), Altman
and Sabato (2007), Campbell et al. (2008), Hirdle et al. (2009), Tian et al. (2015), Tian and Yu
(2017), Kumar and Ravi (2007), Liang et al. (2016), and the SEBRA model (Bernhardsen and
Larsen, 2007).

Earlier studies on bankruptcy prediction predominantly consider accounting-based input
variables collected from financial statements data (e.g., Beaver, 1966; Altman, 1968; Ohlson,
1980; Taffler, 1984; Zmijewski, 1984). More recent research, that restricts the sample to public
firms, started to add market-based input variables to the set of bankruptcy predictors (e.g.,
Shumway, 2001; Chava and Jarrow, 2004; Hillegeist et al., 2004; Campbell et al., 2008; Tian
et al., 2015; Blochlinger and Leippold, 2018). However, even when analyzing public firms,
accounting-based models work well and have been shown to even outperform more recent

and larger models including market-based variables. For instance, Reisz and Perlich (2007)

®Note that our sample period does not include meaningful variation in the business cycle as Norway was only
mildly affected by both the financial crisis of 2007-2008 and the subsequent European debt crisis. For instance,
the 12-month decline of quarterly real GDP, from the fourth quarter of 2008 to the third quarter of 2009, was 1.2%
in Norway. In comparison, real GDP declined by 3.3%, 4.2%, and 3.8% in the US, EU, and OECD, respectively.
These data are retrieved from the OECD at: https://stats.oecd.org/index.aspx?queryid=350. Hence, we abstain
from performing business cycle related tests of our bankruptcy prediction models.

7As in the revisions of the Altman (1968) model (see Altman, 2018; Altman et al., 2019), in some of the
financial ratios we use in our study, we replace the market value of equity — as used in the original study — by the
book value of equity.
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find that the accounting-based models of Altman (1968, 1993) outperform three market-based
models when predicting bankruptcy over a one year period. Agarwal and Taffler (2008) find that
the accounting-based model of Taffler (1984) produces a significant economic benefit over the
market-based models of Bharath and Shumway (2008) and Hillegeist et al. (2004) when taking
into account misclassification costs and loan pricing considerations as proposed by Stein (2005)
and Blochlinger and Leippold (2006).

All 155 input variables are listed in Table A.1 in the appendix. 151 of the variables are
financial ratios, two are dummy variables, and the other two variables are the company age in
years and total assets as a measure of company size.> Data on the complete set of 155 input
variables is available in all financial statements in our sample. Hence, we do not have to deal
with missing values. To mitigate the effect of outliers, we follow prior literature and winsorize
all financial ratios at their 1% and 99™ percentiles within each accounting year (e.g., Shumway,
2001; Chava and Jarrow, 2004; Tian et al., 2015; Tian and Yu, 2017).” Finally, we log-transform

the variables ’age in years’ and ’total assets’.

2.3. Benchmark bankruptcy prediction models

As we analyze private SMEs, the set of input variables that our feature selection meth-
ods can choose from are necessarily confined to accounting-based variables. Hence, we are
confined to using purely accounting-based bankruptcy prediction models as benchmarks for
our own, feature selection-based models. Certainly among the most popular models, and still
widely used today, are the classic models of Altman (1968), Ohlson (1980), and Zmijewski
(1984).!° The output of these models is also employed in other areas of finance research, such
as for instance in asset pricing studies to predict stock returns (Light et al., 2017; Feng et al.,
2020), to measure the probability of debt renegotiations (Chang et al., 2019), or to determine
gains of firms that acquire assets from distressed companies (Meier and Servaes, 2019). Further
studies employ these models to assess the association between bankruptcy risk and operating
leverage (Chen et al., 2019) or between bankruptcy risk and worker unionization (Campello
etal., 2017). Moreover, Blochlinger and Leippold (2018) combine the model of Altman (1968)
and the market-based distance-to-default model of Merton (1974) and show that this combina-

8The company age in years is measured as the number of years between the balance sheet date for the financial
statement and the date of incorporation of the underlying company.

91f the denominator of a financial ratio is equal to zero, we set the value of the variable to zero, if the numerator
is equal to zero as well. If the numerator is negative or positive, we set the ratio to the 1* or 99" percentiles of the
distribution of the ratio, respectively.

0F o, Begley et al. (1996); Chava and Jarrow (2004); Mansi et al. (2012); Tian et al. (2015); Tian and Yu
(2017).



tion outperforms Standard & Poor’s ratings and any of the two models individually.

The model of Altman (1968) contains five accounting-based input variables categorized
into the main aspects of a company’s financial profile: liquidity, profitability, leverage, solvency
(coverage), and activity. However, Altman (1968) finds that the input variable measuring ac-
tivity 1s insignificant. He shows that this variable is highly industry-sensitive and thus excludes
this variable in a revised version of the model that targets private companies across all industries
(Altman, 2018; Altman et al., 2019). Similar to the revised version of Altman’s (1968) model,
the nine variables in the model of Ohlson (1980) measure liquidity, profitability, leverage, and
solvency, in addition to company size weighted by gross national income. The model of Zmi-
jewski (1984) contains three accounting-based input variables measuring liquidity, profitability,
and leverage.

Another widely-used model is that of Taffler (1984) which contains four accounting-based
input variables which measure profitability, working capital position, financial risk, and liquid-
ity. In contrast to the models of Altman (1968), Ohlson (1980), and Zmijewski (1984), which
were all specified using listed U.S. industrial companies, Taffler (1984) applies his model to
listed U.K. industrial companies. Agarwal and Taffler (2007, 2008) show that the model still
performs well using more recent data.

A well-known and widely used bankruptcy prediction model that specifically targets pri-
vate SMEs is the model of Altman and Sabato (2007). They apply a forward stepwise selection
procedure to choose predictors from a set of 17 input variables found to be the most success-
ful in prior literature. Similar to the Altman (1968) model, the resulting model contains five
accounting-based input variables categorized into the five main aspects of a company’s financial
profile.

Our final benchmark model is the SEBRA model by the central bank of Norway (Eklund
et al., 2001; Bernhardsen and Larsen, 2007). The model was calibrated using a sample of Nor-
wegian limited liability companies and contains eight accounting-based input variables meant
to capture firms’ liquidity, profitability, solvency, age, and size. The SEBRA model is widely
used in Norway, for instance by the Financial Supervisory Authority of Norway for analyzing

the financial markets and conducting on-site supervision of banks.

3. Methodology

3.1. Test setting

We predict one-year-ahead bankruptcy, which is the most common prediction horizon used

by both practitioners and academics (Hillegeist et al., 2004; Tian et al., 2015; Tian and Yu,



2017). Moreover, Basel III focuses on one-year-ahead forecast horizons for corporate and
bank exposures. In conducting our bankruptcy prediction analysis, we use a rolling window
and a forward validation procedure (Kaastra and Boyd, 1996; Keles et al., 2016). Further, we
follow Shumway (2001) by using discrete hazard models which is also the convention in recent
literature.!' This is in contrast to static models typically applied in earlier studies.!> Static
models use only a single firm-year observation for each company in the sample and thus may
produce biased estimates as they ignore that companies change over time. Discrete hazard
models, on the other hand, consider the hazard of bankruptcy over multiple years. They are
therefore preferable as they adjust for period at risk, incorporate time-varying predictors, and
utilize much more data which typically yield better predictions.

Specifically, we select input variables, train models, and evaluate their in-sample fit using all
financial statements over four consecutive accounting years. We then evaluate the models’ out-
of-sample modeling performance using all financial statements in the subsequent accounting
year. The first training period is 2006-2009 and the subsequent out-of-sample evaluation period
is 2010. We then move forward the entire analysis by one year and train or models in the
years 2007-2010 and perform out-of-sample tests in the year 2011. The last training period
is 2013-2016 and the final out-of-sample test period is 2017. This test setting results in eight

consecutive test periods and is illustrated in Figure 1.
[Figure 1 about here.]

3.2. Estimation techniques

Besides to selecting input variables, the other major model choice to be made in any
bankruptcy prediction model is that of the estimation technique. Early studies typically use
discriminant analysis (e.g., Altman, 1968; Altman et al., 1977). However, discriminant analy-
sis relies on restrictive assumptions (Joy and Tollefson, 1975; Deakin, 1976; Eisenbeis, 1977).
Consequently, Martin (1977) and Ohlson (1980) estimate their models with logistic regressions
(LR) which rely on less restrictive assumptions and produce more intuitive output.

Recently, bankruptcy prediction models started to rely on machine learning techniques for
model estimation. Among these, artificial neural networks are the most widely used technique
in bankruptcy prediction (Kumar and Ravi, 2007). Artificial neural networks have been shown

to perform well in various machine learning applications (Kumar and Ravi, 2007; Bianchi et al.,

'E.g., Chava and Jarrow (2004); Campbell et al. (2008); Bauer and Agarwal (2014); Tian et al. (2015); Tian
and Yu (2017).
12E.g., Altman (1968); Ohlson (1980); Zmijewski (1984).
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2021). The main benefit of artificial neural networks is that they capture multivariate non-linear
relations without making any assumptions with respect to data or errors. As our study focuses
on feature selection methods, comparisons of estimation techniques are beyond the scope of
this study.'® Instead, we apply the most popular estimation technique by using a deep artificial
neural network (DNN), and use LR for comparison reasons.

When using LR as estimation technique, the vector of predicted probabilities for bankruptcy

.....

V=12 (+exp(—Xw —w)) (1)

.....

,,,,,

N X 1 vector of ones, and © denotes Hadamard (element-wise) division. For ease of notation,
we drop the time indices. We estimate the coefficients w and w, by minimizing the negative of

the log-likelihood function £(w, wy) given by

N
(W, wg) = Z [y © (Xw + twy) — log (¢ + exp (XW + twy))] (2)

n=1

,,,,,

bankrupt (1), and © denotes the Hadamard (element-wise) product. For determining the signif-
icance of estimated LR coefficients, we use the Wald statistic (Hosmer et al., 2013) to derive
their z-scores.

We use a feedforward DNN with one input layer, two hidden layers, and one output layer, as
illustrated in Figure 2. The input layer consists of the input variables. The output layer consists
of one node representing the output of the DNN, with values between 0 (non-bankrupt) and
1 (bankrupt). The hidden layers each contain five nodes. Figure 3 illustrates the computation
of the values of the nodes in the hidden and output layers, respectively. Further details on the
DNN and how we train it is provided in Appendix B. LR and DNN share several characteristics.
Indeed, the former is a special case of the latter with no hidden layers and the logistic transfer
function ¢(a) = ¢ @ (¢ + exp (—a)) between the input and output layers. When compared to LR,

our DNN have much more flexibility.

[Figure 2 about here.]

13We refer to Jones et al. (2015, 2017) for an empirical evaluation of different estimation techniques used for
bankruptcy prediction and in related applications.
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[Figure 3 about here.]

3.3. Feature selection methods

Feature selection methods attempt to select a subset of relevant variables, or features, for
use in an empirical model.'* The appeal of feature selection methods is that they are generally
applicable, help to eliminate irrelevant variables, help to provide a better understanding of the
data structure, help to reduce computational requirements, and can avoid overfit. Moreover,
they can improve the prediction performance by reducing the high dimensionality problem
(Chandrashekar and Sahin, 2014; Tian et al., 2015; Chinco et al., 2019; DeMiguel et al., 2020;
Freyberger et al., 2020; Gu et al., 2020; Kozak et al., 2020). Studies of bankruptcy prediction
recently started to employ feature selection methods (e.g., Hardle et al., 2009; Tian et al., 2015;
Liang et al., 2016; Tian and Yu, 2017).

Feature selection methods are often categorized into three types of methods (e.g., Chan-
drashekar and Sahin, 2014): filter, wrapper, and embedded methods. We use three feature

selection methods, one within each of these three groups.

3.3.1. The filter feature selection method

Filter methods select the input variables that are ranked highest according to a predefined
criterion that measures the relationship between the single input variables and what is to be
modeled. We use as criterion for each input variable the Pearson correlation coefficient between
the predictor variables’ values and the actual classifications of non-bankrupt (0) or bankrupt (1)
across all financial statements used for training.

Filter methods are computationally light, avoid overfitting and do not rely on potentially
biased estimation techniques (Chandrashekar and Sahin, 2014). However, filter methods come
with several disadvantages. First, they do not consider relations between the input variables.
Second, when using correlations as selection criterion, filter methods consider only linear rela-
tionships. Finally, filter methods may yield suboptimal fit and prediction power as they ignore
the biases of the estimation technique, e.g., LR or DNN, and thus the induced structure of the
final model, i.e., the selected variables combined with the estimation technique (John et al.,
1994). These shortcomings of filter methods are neither shared by the wrapper nor the embed-

ded methods and can thus be overcome by using any of these techniques.

14 An alternative to feature selection methods are feature extraction methods, such as factor analysis or principal
component analysis (PCA). However, such methods do not produce subsets of the original variables but new
variables from functions of the original variables. Feature selection methods are therefore better suited if economic
interpretation of the model and its predictions are a central aspect of the analysis.
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3.3.2. The wrapper feature selection method

Wrapper methods select input variable sets heuristically (John et al., 1994; Kohavi and John,
1997). They start with a variable set which either is empty or contains all variables available
for selection. From this initial set, one or more variables are added or removed iteratively in
accordance with the steps of an algorithm. For each of these steps, a model is created for
each possible new variable set by combining it with a predefined estimation technique. These
models are then ranked based on their performance on the data in accordance with a predefined
evaluation metric. Among all possible new variable sets, the one which yields the highest
ranking model is selected and used as the initial set for the next step of the algorithm, which
is once again adding or removing one or more variables. When a predetermined number of
variables in the set is reached, the algorithm stops and the current variable set is the one finally
selected by the wrapper method.

In our study, we use the improved forward floating selection algorithm proposed by
Nakariyakul and Casasent (2009). Moreover, we apply the same estimation techniques that we
use later when training the final model, i.e., LR and DNN. Finally, we evaluate all possible
new variable sets in each step of the algorithm based on in-sample-fit.'"> This ensures that the
predictive power that we report for the variable sets selected by the wrapper method are indeed
out-of-sample.

Wrapper methods have been criticized for allowing locally optimal solutions and for being
prone to overfitting (Kohavi and John, 1997). To mitigate these issues, we cross-validate our
results across several subsets of the data for the years 2010-2017, use an extended algorithm,
and investigate the robustness of our findings across two different estimation techniques. An-
other critique of wrapper methods is that they are computationally intensive (Chandrashekar

and Sahin, 2014). However, all these shortcomings are relieved by embedded methods.

3.3.3. The embedded LASSO feature selection method
The embedded LASSO method, popularized by Tibshirani (1996), incorporates feature se-
lection as part of training. When applying this method, we estimate the coefficients w and wy
by minimizing
—t(w, wo) + Allwlly 3)

15Tn particular, we evaluate using in-sample AUC, as described in Section 3.4.
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in the training data set, where £(w, wy) is the log-likelihood given in Equation (2), ||w]|; is the
I,-norm of w (i.e., Y,._,|wi[), and A is a positive tuning parameter.'® If 1 is sufficiently large, the
penalty term A||w||; becomes so dominant that all the estimated coefficients in w become zero.
We select input variables with the LASSO method by iteratively re-estimating w and w, for
different values of A given by the path proposed in Friedman et al. (2010): First, A is set to A,
which is the highest value possible that results in at least one of the values in w being non-zero.
Second, A is reduced following a geometric sequence between A; and A;x1073 of size 5x10°
which causes gradually more values in w to become non-zero. Finally, the reduction of A stops
when the number of non-zero values in w match a predetermined number of variables in the
variable set. The input variables associated with these non-zero values in w are those selected
by the LASSO method.!”

3.4. Evaluation metrics

We evaluate model performance across our alternative bankruptcy prediction models using
several metrics. First, we evaluate both in-sample fit and out-of-sample performance using
AUC (i.e., area under the receiver operating characteristic curve). This metric has been widely
used for evaluating bankruptcy prediction models (e.g., Bernhardsen and Larsen, 2007; Tian
et al., 2015; Tian and Yu, 2017; Nagel and Purnanandam, 2019). AUC represents the area
under the plot of the true positive rate against the false positive rate across all observations
when varying the discrimination threshold (Hosmer et al., 2013)."® AUC € [0.5,1], where
a higher value indicates a higher explanatory power of the model. Following Hosmer et al.
(2013), we consider AUC € [0.7,0.8) acceptable, AUC € [0.8,0.9) excellent, and AUC > 0.9
outstanding.

Second, following Tian et al. (2015) and Tian and Yu (2017), we evaluate model perfor-
mance using the Brier (1950) score and the AIC (Akaike, 1974). The Brier score can be thought
of as a cost function. Specifically, the Brier score measures the mean squared difference be-

tween i) the predicted probability assigned to the possible outcomes for a set of predictors and

1In order to compare the input variables on an equal scale, we standardize the input variables in the training
set to have zero mean and a variance of one before performing the minimization in Equation (3).

17In unreported analyzes, we alternatively perform feature selection using the embedded elastic net method. Zou
and Hastie (2005) introduce this method to address shortcomings of the LASSO method, such as unsatisfactory
results when /7 > N and the tendency of selecting only one input variable among any group of highly correlated
input variables. The elastic net replaces |[wl|; in Equation (3) with 55%||wlj3 + allwll; = Xi_ (I_Tc’wl2 + alw,-l),
where « € [0, 1] is predetermined. The elastic net equals the LASSO method when @ = 1. We perform feature
selection using the elastic net with different values of @. However, we find that the LASSO method yields better
performance across all model evaluation metrics. Details and results are available upon request.

131n our setting, the discrimination thresholds vary between 0 and 1, which is the output interval of our models.

14



ii) the actual outcome. Hence, the lower the Brier score for a set of predictors, the better is the
prediction calibrated. AIC estimates the relative amount of information lost by a given model.
The less information a model loses, the higher the quality of the model. AIC considers the
trade-off between the goodness of fit of a model and the simplicity of the model. Specifically,
AIC takes into account the tradeoff between bias and variance by introducing a penalty term
proportional to the number of input variables. AIC is defined as: AIC = -2 X £{(w, wg) +2 X I.
As with the Brier score, a lower AIC value indicates a better prediction.'”

Third, we evaluate the in-sample fit of LR models using McFadden’s (1974) pseudo-R

squared (R?), as done among others by Campbell et al. (2008) and Tian et al. (2015). It is given

byR?=1- [({,V(Vw”gf) € [0, 1] where £(wy) is the log likelihood of a model containing no input
variables but only the intercept coefficient wy. Hence, higher values of the pseudo-R squared
indicate a better model performance.

Finally, we evaluate the out-of-sample performance of our models using decile rankings.
Decile rankings are widely applied to evaluate the model performance of bankruptcy predic-
tion models (e.g., Shumway, 2001; Chava and Jarrow, 2004; Tian et al., 2015; Tian and Yu,
2017). To do so, we group all financial statements used for evaluating our models into deciles
based on the estimated probability of bankruptcy. Financial statements that are predicted by
the model to have the highest probability of bankruptcy are sorted into the first decile and state-
ments predicted to have the lowest probability of bankruptcy are sorted into decile 10. Model
performance is then evaluated by considering the percentage of financial statements that went
bankrupt within each decile.

We use these evaluation metrics to rank the feature selection methods based on the explana-
tory power of their chosen input variables. Besides such a comparison of general model perfor-
mance, we attempt to assess the stability of the feature selection methods, i.e., their tendency
to choose the same variables when presented to different subsets of the data. Notwithstanding
the flexibility of our feature selection-based bankruptcy prediction models to regularly vary the
set of predictive variables, an evaluation of model stability is still potentially important for at
least two reasons. First, frequent changes to the set of predictors make it difficult to interpret

the relationship between input variables and the outcome, i.e., bankruptcy, in a time-consistent

“In unreported analyzes, we alternatively compute the values of two extensions of AIC: the corrected AIC
(Hurvich and Tsai, 1989) and Schwarz’s Bayesian information criterion (BIC) (Schwarz, 1978). The former
introduces an extra penalty term meant to address the tendency of AIC to favor models with too many parameters,
in particular when the dataset is small. The corrected AIC is defined as AIC + % The BIC has a larger
penalty term than AIC. The penalty term is 7 x1log (N). When applied to our models, these alternative criteria yield
values that are almost identical to AIC. Results are available upon request.
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manner. Second, the confidence of industry representatives and domain experts into proposed
methods may suffer if a method regularly selects very different variable sets, in particular if the
economic environment does not change significantly. We compare the stability of the feature
selection methods by considering the number of unique input variables they choose across all

the eight evaluation periods covered by our sample period.

4. Results

4.1. Results from analysis using feature selection methods

We employ the wrapper, LASSO, and filter feature selection methods to generate input
variable sets which we label WRA, LAS, and FIL, respectively. In addition, we generate sets
of randomly selected input variables (RAN). Further, we compute and compare the in- and
out-of-sample performance achieved with WRA, LAS, FIL, and RAN when combined with
either LR or DNN as estimation technique. We also compare the performance of the alternative
feature selection methods to that of popular models proposed in previous literature, including
the model of Altman (1968) (ALT), Taffler (1984) (TAF), Zmijewski (1984) (ZMI), Altman
and Sabato (2007) (ASA), and the SEBRA model (SEB). Table 1 gives an overview of the
alternative bankruptcy prediction models, while Appendix C lists the input variables in the

benchmark sets.
[Table 1 about here.]

Figure 4 shows the mean of AUC across the eight evaluations for the years 2010-2017
obtained when using the different input variable sets. For WRA, LAS, FIL, and RAN, we vary
the predetermined number of input variables in the sets between 1 and 15. The top panels
show in-sample fit while the bottom panels show out-of-sample performance when using LR
(left) or the DNN (right), respectively. The panels shows that the sets selected by the feature
selection methods and the benchmark sets provide an acceptable or excellent explanatory power
as AUC = [0.7,0.9). However, the variable sets selected by the wrapper and LASSO methods
yield the highest AUC.

Furthermore, Figure 4 shows that AUC increases in the size of the selected variable sets.
Hence, by allowing feature selection methods to select a larger number of input variables the
model fit can be further improved. This flexibility to extend the variable sets chosen by the
model is an advantage of feature selection methods over benchmark models that include a pre-
defined set of predictors. Within the group of benchmark models, the SEBRA model clearly
shows the best performance. This finding is not surprising as the SEBRA model is calibrated
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using recent Norwegian data, while the other benchmark models are calibrated using other
markets. This finding points to the importance of re-evaluating bankruptcy prediction models
regularly and a market-specific selection of input variables. In contrast, models based on ran-
domly chosen input variables perform worst in all settings. Finally, Figure 4 shows that models
estimated with DNN outperform models estimated with LR. However, the difference is small.
The results in Figure 4 remain qualitatively similar when evaluating the models using AIC or
Brier Score instead of AUC.?

[Figure 4 about here.]

Figure 5 displays results on the stability of the feature selection methods based on the
number of unique input variables chosen by each method across all eight evaluations, for pre-
determined number of predictors. The green diagonal line represents the minimum number of
input variables that could be obtained in theory. The line is achieved when a feature selection
method selects exactly the same input variables across all eight evaluations and thus represents
the highest possible model stability. The red diagonal line represents the maximum number of
input variables that could be chosen by the models in theory. Specifically, the red line represents
a situation in which a feature selection method selects entirely different input variables across
all eight evaluations. Remember that the input variables selected by the wrapper method de-
pend on the estimation technique used within its algorithm. Hence, we report results on WRA
in combination with both LR and DNN. The figure shows that the LASSO and filter methods
are more stable than the wrapper method. This finding is consistent with results reported in
Tian et al. (2015), which show that the input variables selected by LASSO are fairly stable over

time.
[Figure 5 about here.]

To conclude, bankruptcy prediction models based on input variables chosen by feature se-
lection methods outperform various benchmark bankruptcy prediction models proposed in prior
literature. Within the group of models based on feature selection methods, LASSO provides a
superior combination of in-sample fit, out-of-sample performance, and model stability. More-
over, both the filter and wrapper methods have several drawbacks: While the former does not
consider correlations between the input variables, the latter selects variable sets heuristically
and is computationally intensive. LASSO is computationally efficient and derives the optimal
variable set as part of model training and thus overcomes these drawbacks. Consequently, we

will henceforth focus on the input variables chosen by the LASSO method.

20Details and results are available upon request.
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4.2. Selected variables for bankruptcy prediction

Figure 4 shows that both in- and out-of-sample model performance increases in the number
of input variables. However, the optimal number of variables to be included in a bankruptcy
prediction model is subject to a trade-off between model complexity and performance. Figure
6 shows the marginal percentage increase in in-sample (left panel) and out-of-sample (right
panel) AUC values when expanding the number of input variables selected by the LASSO
method. Based on the analysis in Figure 6, which shows that the marginal increase in AUC
drops below 0.3% in all cases at nine input variables, we examine variables sets of a maximum

of nine input variables in the remainder of the paper.
[Figure 6 about here.]

Table 2 shows the input variables selected by the LASSO method across the eight evalua-
tion periods covering the years 2010-2017, when the predetermined number of variables in the
model is set to nine. Panel A covers the years 2010-2013 and Panel B the years 2014-2017,
respectively. The table reports coeflicient estimates of the variables when the models are esti-
mated with LR and z-scores in parentheses. The table shows that all coefficient estimates are
statistically significant across all years. Further, the table reports in-sample fit measured by
AUC, Brier score, AIC, and R? and out-of-sample prediction performance measured by AUC,
Brier score, and decile rankings. The results reported in Table 2 show that the selected input
variables yield good in- and out-of-sample modeling performance, which is quite stable over

time.
[Table 2 about here.]

Overall, LASSO selects 10 input variables. The nine variables chosen in the years 2010-
2016 are identical, again pointing to a high model stability. In 2017, "short-term liquidity /
current assets” is replaced by “inventory / current assets”. Both of these variables represent
measures of liquidity, suggesting that LASSO selects variables measuring the same aspects of
a company’s financial profile across all sample years.

We assign our 10 predictor variables to five categories, which are based on Altman (1968)
and Altman and Sabato (2007) and meant to cover the main aspects of a company’s finan-
cial profile. Table 2 shows that the variables selected by LASSO are well diversified across
categories. Specifically, nine of the 10 predictors cover four of the five main aspects of a com-
pany’s financial profile: liquidity, profitability, leverage, and solvency. One of the 10 predictors

chosen, company age, does not fit into any of the five categories proposed by Altman (1968)
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and Altman and Sabato (2007). Moreover, none of the variables covers the fifth main aspect,
activity. This latter finding is consistent with results in Altman (1968), who shows that the
input variable measuring activity is insignificant. In a later study, Altman et al. (2019) provide
evidence suggesting that the variable is industry-sensitive and should be excluded from the
model.

Coefficient signs in Table 2 generally go in the expected direction. For instance, the sign on
the coefficient of the variable "accounts payable / total assets” is positive, indicating that higher
debt to suppliers scaled by assets translates into a higher probability of bankruptcy. Measures
of financial leverage (i.e.,”dummy: one if total liability exceeds total assets” and ”(current
liabilities - short-term liquidity) / total asset”) show a consistently positive coefficient sign,
suggesting that higher leverage is associated with a higher bankruptcy probability. The coeffi-
cient on “net income / total assets” is negative, indicating a lower probability of bankruptcy for
more profitable firms. Also, higher outstanding tax liabilities (”public taxes payable / total as-
sets”), which may indicate liquidity problems, and higher interest expenses ( ’interest expenses
/ total assets”) are, as expected, associated with a higher bankruptcy probability.?! Companies
with retained earnings ("dummy: one if paid-in equity is less than total equity”) and older,
more established firms (”log(age in years)”) are less likely to go bankrupt. The latter finding
is consistent with previous findings that newly established companies have a higher probability
of bankruptcy than older companies (Eklund et al., 2001). Finally, more liquid firms are less
likely to go bankrupt, as shown by the positive coefficient on “inventory / current assets” and
the negative coeflicient on "short-term liquidity / current assets”.

Moreover, when comparing the predictors selected by LASSO to the variables in the bench-
mark models, it is obvious that similarities are largest when comparing our 10 predictors to the
SEBRA model (shown in Appendix C): First, four of the eight variables included in the SE-
BRA model are among the 10 variables selected by LASSO. Second, neither the SEBRA model
nor our models based on LASSO include variables that pertain to the “activity” category. Fi-
nally, variables only included in the SEBRA model, but not selected by LASSO, and variables
selected by LASSO, but not included in the SEBRA model, are highly correlated.?? In sum-
mary, these similarities between the variables of the SEBRA model and the variables selected

by LASSO point to the importance of constructing market-specific models versus following a

2ICompanies are expected to prioritize payment of tax liabilities as tax authorities have definitive procedures
for treating default payments and are often the creditor filing companies for bankruptcy (Eklund et al., 2001).

22For instance, across all financial statements in our sample, the correlation between the variable “total equity
/ total assets” in the SEBRA model and the variables "dummy: one if total liability exceeds total assets” and
”(current liabilities - short-term liquidity) / total assets”, as selected by LASSO, is -0.67 and -0.65, respectively.
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“one size fits all” strategy and apply the same model across all markets and company segments
(e.g., blue chip stocks versus SMEs).

Next, we analyze the relative importance of the individual predictors selected by LASSO.
To this end, in Figure 7, we plot their standardized coefficients as obtained from estimating
Equation (3) in the 2006-2017 sample period and applying different values of the tuning pa-
rameter A. A sufficiently high A, and thus a dominant penalty term, results in all coefficients
converging to zero. As the penalty term is relaxed, with decreasing values of A, more vari-
ables enter the model as their coefficient values turn non-zero. Variables entering the model
at higher values of A have stronger predictive power, indicating their higher importance. The
figure shows that “accounts payable / total assets” and ”dummy, one if total liability exceeds
total assets” are clearly the two most important variables. In fact, these two variables are re-
sponsible for the large marginal increases in AUC associated with adding the first two variables
in Figure 6. When increasing the size of the input variable set to more than five variables, four
of the five main aspects of a company’s financial profile, as explained above, are covered by

the selected variables.

[Figure 7 about here.]

5. Simulation study: Bankruptcy prediction model choice and bank profitability

Banks can experience costs that arise from two types of bankruptcy prediction errors. The
first type of error relates to the failure to correctly predict a company’s bankruptcy. This can
cause severe costs such as losses of large portions of granted loans. The second type of error
results from an overestimation of the probability of bankruptcy and implicitly of credit spreads
assigned to non-bankrupting potential borrowers, causing them to migrate to other banks. Thus,
the costs associated with the second type of bankruptcy prediction error are opportunity costs
of not lending which, however, have been shown to be lower than the costs implied by the first
type of error (Altman et al., 1977; Zmijewski, 1984; Stein, 2005; Balcaen and Ooghe, 2006;
Agarwal and Taffler, 2007, 2008; Bauer and Agarwal, 2014; De Bock et al., 2020).

Metrics commonly used for model evaluation, such as accuracy, AUC, Brier score, AIC,
and decile rankings, assume equal costs of the different types of errors. Thus, models chosen
by these metrics may prove to be unprofitable for banks. Some studies address this using ratios
of the relative costs of the different types of errors (e.g., Altman et al., 1977; Frydman et al.,
1985; Hopwood et al., 1989; Tam and Kiang, 1992). However, it is difficult to determine the
numerator and denominator in such ratios since they depend on many time-dependent factors

(De Bock et al., 2020). Hence, in this paper, we evaluate the effect of different model choices
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and variable sets on bank profitability by mimicking a real-world competitive credit market
in a simulation following the mixed framework of Blochlinger and Leippold (2006). This
framework allows for simultaneous credit decision making and credit risk pricing by applying
the setting introduced in Stein (2005). In such a simulation, even small differences in model
performance according to metrics like AUC can result in huge differences in bank profitability.
The reason is that the simulation takes into account the different costs associated with different
types of errors, as well as that any borrower enters a loan agreement only with the one bank that
offers the lowest credit spreads. Other banks’ offers, no matter how close to the lowest offered
credit spread, will not result in a new customer relationship.

Our simulation compares the performance of eight variable sets used as input to predict
bankruptcy. These include the three sets chosen by the feature selection methods, as well as
the five benchmark sets (see Table 1). Further, we employ real world data in the simulation,
following Agarwal and Taffler (2007, 2008) and Bauer and Agarwal (2014), by utilizing all
the financial statements in our sample from the accounting years 2010-2017. The total size
of the simulated credit market amounts to the sum of interest bearing debt derived from these
financial statements. Further, each of the interest bearing debt positions is assumed to represent
an amount a company wants to borrow. Moreover, the simulated market consists of several
banks competing for these potential borrowers. We assume that all loans are granted for a one-
year period, starting at the beginning of the accounting year. The entire principal and all interest
mature at year-end. Following the literature, we let the number of competing banks correspond
to the number of models to be compared. Consequently, we assume that there are eight banks
in the market, each using one of the eight variable sets, respectively, in a discrete hazard model
with LR and training sets as defined before. The number of variables in the variable sets chosen
by feature selection methods are predetermined to nine, as in Section 4.2. Each bank uses its
model for predicting the probabilities of bankruptcy associated with each potential borrower.
These probabilities are then used for profit maximization by optimizing credit decision making
and credit risk pricing. In other words, the predictions of the eight models indirectly affect the
profitability of the eight banks, which eventually serves as performance measure for assessing
the quality of the eight variable sets.

Our simulation study expands the existing literature in several ways. First, while Agarwal
and Taffler (2007, 2008) and Bauer and Agarwal (2014) assume a simple loan market worth
USD/GBP 100 billion and that all companies want to borrow an equal amount of money, we
use the effective size of the Norwegian loan market covered by our sample and derive the
amount each company wants to borrow from their financial statements. Hence, our loan market

setting is much more realistic as it directly takes reference to the effective Norwegian SME
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loan market. Second, we assume that banks acquire the money for lending at the risk-free rate
and thus must write off a loss equivalent to the risk-free rate multiplied with the principal in the
case of borrower bankruptcy.??

More formally, our competitive credit market is structured as follows: Letr = {r,},=;...
the vector of credit spreads assigned by one of the banks with n denoting the potential borrowers
(financial statements). We assume that all banks set the credit spreads such that the expected

revenues cover all expected losses plus profit for each loan:

(I =9)x(rn+c) =9, XULGD+rp) +  (1-9,) %k 4)
~——— ——

conditional expected revenue conditional expected loss  conditional expected profit

where 9, is the predicted out-of-sample probability for bankruptcy derived from the bank’s
specific model, LGD is the loss-given default in the case of borrower bankruptcy (including
recovery costs), 7y is the risk-free rate, k is the credit spread for a loan with no credit risk, i.e.,
the required profit margin, and c is the cost of granting loans for strategic reasons.?* Similar to
Blochlinger and Leippold (2006), Agarwal and Taffler (2008), and Bauer and Agarwal (2014),
we assume ¢ = 0. Consequently, Equation (4) can be rewritten to the following equation for
deriving the credit spreads assigned to each potential borrower:

A

Yn
l_yn

r, = (LGD +ry) +k 5
We follow the criteria of rejection based on the credit spread values as in Blochlinger and
Leippold (2006), and assume that banks reject potential borrowers when r,, > 10%. Further,
we assume LGD = 40%, which is in line with the Basel III regulatory framework (Bank of
International Settlements, 2017). In addition, we assume k = 0.30%, following Blochlinger
and Leippold (2006), Agarwal and Taffler (2008), and Bauer and Agarwal (2014).

If the potential borrowers are granted loans from several banks, we assume they choose to
borrow the whole amount from the bank offering the lowest credit spread. Further, we follow
the literature and set no limits on the total amount any bank can lend. In addition, if borrowers

go bankrupt, we assume that the lending bank receives no interest payment and suffers a loss

Z3For each accounting year, we use the annual effective yields of synthetic Norwegian Treasury bills for maturi-
ties of 12 months as risk free rate. The data are retrieved from: www.norges-bank.no/en/topics/Statistics/Interest-
rates/Treasury-bills-annual/. The values are 2.25%, 2.12%, 1.53%, 1.52%, 1.29%, 0.73%, 0.50%, and 0.42% for
2010-2017, respectively.

24If the bank expects profits from a customer relationship through businesses other than lending, it may be
willing to lower credit spreads in order to retain or acquire the customer. The cost for such lowering of credit
spreads are captured by c.
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equal to the principal weighted by LGD. In sum, the total profit of any bank for any given

accounting year is given by

N N
D Xt X (1=y) = > pu X (LGD +17) Xy, (6)

n=1 n=1

total revenue total loss

where p, is the principal, i.e., the interest bearing debt derived from the financial statement, and
v, 1s the actual classification of bankrupt (1) or non-bankrupt (0). The first term of Equation (6)
represents the bank’s total revenue. The bank’s revenue increases when the bank lends to more
non-bankrupting borrowers as a result of using a variable set that yields lower credit spreads for
these non-bankrupting customers compared to competing banks. Hence, avoiding the second
type of error, as explained above, results in higher revenues. The second term of Equation
(6) measures the bank’s total loss. The bank’s loss declines when a bank uses a variable set
that rejects loans to bankrupting potential borrowers by providing more accurate predictions
about their bankruptcies, i.e., by avoiding the first type of error explained above. In summary,
Equation (6) measures a bank’s total profit that results from a given variable set when taking
into account realistic costs brought about by the first and second type of prediction errors.

The outcomes from the simulated credit market for all eight banks are reported in Table 3.
The table shows for each bank its market share (in EUR), the share of bankrupting borrowers in
its loan portfolio, as well as the share of all bankrupting borrowers which the bank has lent to.?
Further, the table displays the revenues, losses, and profits, as derived from Equation (6) as well
as profit margins for each bank, in EUR millions. Finally, following Agarwal and Taffler (2008)
and Bauer and Agarwal (2014), we report return on assets (ROA), which is profit divided by
total amount lent, and return on risk-weighted assets (RORWA), where risk-weighted assets are

calculated in accordance with the Basel III regulatory framework.
[Table 3 about here.]

We find that using the variable set chosen by the LASSO method (LAS) yields the high-
est profit, profit margin, ROA, and RORWA. Further, it results in the lowest share of bankrupt
borrowers in the loan portfolio and the lowest share of bankrupting borrowers which the bank

has lent to. The profit is 49% and 84% higher when using LAS compared to using the variable

2The yearly average total market size for the accounting years 2010-2017 is EUR 2,351 billion. The number
of bankrupting and non-bankrupting borrowers, i.e., financial statements are detailed in Figure 1. The total market
share as well as the share of bankrupting borrowers in the market do not add up to 100% across banks, as several
potential borrowers are rejected by all banks.
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sets yielding the second (TAF) and third (WRA) highest profits, respectively. Note that LAS
is substantially more profitable even though TAF results in a market share that is higher by 5.8
percentage points. Further, using LAS results in a decrease in the share of bankrupt borrowers
in the loan portfolio by 74% and 25%, as well as a decrease in the share of loans to bankrupting
borrowers among those in the market by 81% and 21%, versus using TAF and WRA, respec-
tively. We observe that using the variable sets chosen by the filter feature selection method
(FIL) results in relatively poor performance being dominated by variable sets based on prior
literature.

The superiority of using LAS in terms of bank profitability is robust across all combinations
of LGD € {30%,40%,...,70%}, k € {0.1%,0.2%,...,0.5%}, and when letting the amount
each company wants to borrow be given by either interest bearing debt or total debt. Further,
in all cases the superiority of using LAS is robust to the following settings: i) simulating a
competitive credit market with eight banks, as above, where each bank uses one of the eight
variable sets ii) simulating a competitive credit market with three banks, each using one of
the input variable sets given by the three feature selection methods (LAS, WRA, and FIL), iii)
simulating a competitive credit market with six banks, where one uses LAS and the other five
use the benchmark sets (ALT, ASA, SEB, ZMI, and TAF), and iv) simulating seven competitive
credit markets, each with two banks where one uses LAS and the other uses one of the other
seven sets, respectively.?®

In Figure 8, the borrowers are grouped into percentiles based on the amount they are will-
ing to borrow, sorted in descending order. Panel A presents, for each percentile, the amount
each bank lends to non-bankrupting borrowers up to that percentile as a proportion of the total
amount lent to all non-bankrupting borrowers. Panel B shows the same for bankrupting bor-
rowers. Results in Panel A show that banks using ASA, TAF, and LAS produce the highest
proportions of total amount lent to non-bankrupting borrowers (i.e., good customers) at 30%,
27%, and 21%, respectively. This ability to select good customers results in the highest rev-
enues for these banks, a finding that is consistent with results reported in Table 3. However,
Panel B shows that banks using ASA and TAF account for 28% and 37% of the amount lent to
bankrupting borrowers, respectively, which generates large losses for these banks. In contrast,
the bank using LAS only makes up for 4% of the total amount lent to bankrupting borrowers.
In combination, the bank using LAS generates the highest profits. The bank using WRA per-
forms better than the banks using ASA and TAF in terms of profit margin, ROA, and RORWA.

26Tp total, our finding is thus robust across 500 different simulated markets. Results of all simulations are
available upon request.

24



Still, it performs worse that the bank using LAS, as it lends a relatively lower amount to non-
bankrupting borrowers and a relatively higher amount to bankrupting borrowers. Hence, LAS

is clearly superior to all other variable sets.
[Figure 8 about here.]

In summary, even small differences in modeling performance accordingly to commonly
used metrics can yield large differences in bank profitability. For example, in our simulation
study, we show that using LAS compared to WRA yields a much higher bank profit (see Table
3), even though the difference in the AUC values is small (see Figure 4). The dominance of
LAS over WRA stems from a different assessment of credit spreads, which ultimately affects
the proportion of types of borrowers in the loan portfolio (see Figure 8). In particular, the bank
employing LAS offers overall lower credit spreads to non-bankrupting borrowers compared to
the bank employing WRA, at the same time keeping credit spreads to bankrupting borrowers
higher. Consequently, compared to the bank using WRA, the bank using LAS achieves higher
revenues because it attracts non-bankrupting borrowers, without suffering higher losses from

entering into more unfavorable loan agreements with bankrupting borrowers.

6. Selecting variable sets at the industry-level

Feature selection methods do not only allow for a dynamic estimation and reconfiguration
of bankruptcy prediction models, but can also be estimated within sub-samples of the company
universe in a straightforward manner. This may turn out useful when bankruptcy predictors are
expected to differ in the cross-section along measurable dimensions. One obvious candidate for
such a cross-sectional sample split is industry affiliation. Indeed, Chava and Jarrow (2004) find
that industry groupings affect coefficient values, in-sample fit, and out-of-sample predictions of
discrete hazard models for bankruptcy prediction.

In this section, we evaluate the choice of bankruptcy predictors at the industry level. We
do this by selecting industry-specific variable sets for all industries that include at least 500
financial statements that are categorized as bankrupt within the entire sample period. To keep
the analysis traceable, we rely on our main setting, that is, we use LASSO in combination with
discrete hazard models estimated with LR, and restrict the selection of bankruptcy predictors
to nine variables for each of the years 2010-2017.

Table IA.1, Panels A to H, in the Internet Appendix shows the bankruptcy predictors chosen

for each industry and year. Each of the eight panels summarizes results for a specific indus-
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try.?” Results show that the variables chosen in the full sample, as reported in Table 2, are
quite persistent across the 64 permutations, resulting from eight yearly analyses across eight
different industries: In nine permutations, the variable set selected at the industry-level exactly
matches that selected in the full sample. In 26 permutations, one of nine bankruptcy predictors
is replaced. In 21 permutations, two predictors are replaced. In only eight permutations, three
or four predictors are replaced.

The key question is of course, whether selecting bankruptcy predictors at the industry-level
improves model performance in way that matters to bank profitability. To test this empirically,
we run a simulation exercise with two banks similar to that in Section 5. The first bank uses
LAS, which is the most profitable approach from the simulation described in Section 5, with
results reported in Table 3. That is, the bank selects variables with the LASSO method applied
to the full sample. The second bank uses the same bankruptcy prediction model, but selects
variables for each industry separately and applies them to potential borrowers according to
their industry affiliation (referred to as LIN). For borrowers in industries that do not qualify
for a separate bankruptcy prediction model estimation due an insignificant number of bankrupt
observations as explained above, we use the model configured to the full sample (i.e., LAS).
Results obtained from simulating the credit market with these two banks are reported in Table
4. The table shows that LIN is associated with a slightly smaller market share of 49.1% versus
50.8%.%% However, LIN faces lower losses, generates higher profits, including a profit margin
that is higher by 16%, 33% higher ROA, and 20% higher RORWA.

[Table 4 about here.]

We conduct a number of robustness tests for these results. For instance, we find that the
superiority of LIN in terms of bank profitability is robust to defining the amount to be bor-
rowed by each company either in terms of interest-bearing debt or total debt. Specifically,
in both cases, LIN is superior across all combinations of LGD € {30%,40%,...,70%} and
k €{0.1%,0.2%, . ..,0.5%}.

2TWe select industry-specific bankruptcy predictors for the industries 'Manufacturing’, ’Construction’, " Whole-
sale and retail trade; repair of motor vehicles and motorcycles’, *Transportation and storage’, ’Accommodation
and food service activities’, ’Information and communication’, ’Professional, scientific and technical activities’,
and "Administrative and support service activities’. We omit the following industries from this analysis because of
a small number of financial statements that are categorized as bankrupt: 'Agriculture, forestry and fishing’, ’Min-
ing and quarrying’, 'Education’, ’Human health and social work activities’, ’Arts, entertainment and recreation’,
and ’Other service activities’. Note that there are no firms in industries ’Activities of household as employers’ or
"Activities of extraterritorial organisations and bodies’, which are part of the Norwegian SIC2007, in our sample.

28 As in Table 3, neither the total market share nor the share of bankrupting borrowers in the market add up to
100% as several potential borrowers are rejected by both banks.
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Similar to Figure 8 above, in Figure 9, we group borrowers into percentiles based on the
amount they are willing to borrow, sorted in descending order. Panels A and B of Figure 9 show
the cumulative amount lent to borrowers that did not bankrupt and borrowers that bankrupted,
respectively. The panels show that the bank using industry-specific variable sets, i.e., LIN, is
superior to the one that uses LAS as it extends loans to much fewer bankrupting borrowers

while not giving much fewer loans to non-bankrupting borrowers.
[Figure 9 about here.]

In summary, the results in this section show that the flexibility of our feature selection-
based bankruptcy prediction models allows to not only reconfigure models over time, but also
to estimate models across sub-samples, such as for instance across industries, to further improve
model performance. Results show that while our model is fairly stable across both time and
industries, estimating our model at the industry-level further improves model performance and

eventually the profitability of banks applying these models.

7. Conclusions

We show that feature selection methods improve the performance of bankruptcy predic-
tion models in a comprehensive dataset of all privately held Norwegian SMEs. Our paper
contributes to the existing literature on bankruptcy prediction by comparing three different fea-
ture selection methods, in combination with state-of-the art statistical and machine learning
estimation techniques for bankruptcy prediction, also versus popular benchmark variable sets
(Altman, 1968; Taffler, 1984; Zmijewski, 1984; Altman and Sabato, 2007; Bernhardsen and
Larsen, 2007). We find that an embedded LASSO feature selection method performs best in
terms of in-sample fit, out-of-sample performance, and stability. Our analysis is complemented
by a simulation study, mimicking a real-world competitive credit market, which sheds light on
bank profitability under different bankruptcy prediction model choices. This latter analysis re-
inforces the superiority of LASSO by showing that bankruptcy predictors selected by LASSO
yield a substantially higher bank profitability compared to using other feature selection meth-
ods or benchmark sets from previous literature. Finally, we show in a second simulation that
further model improvements can be achieved when adapting bankruptcy predictors to sub-sets

of the company universe.
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Table 1: Overview of the input variable sets

Method | Input variable sets

WRA Chosen by the wrapper feature selection method

LAS Chosen by the embedded LASSO feature selection method

FIL Chosen by the filter feature selection method

RAN Selected randomly

ALT Employed in Altman (1968)

TAF Employed in Taffler (1984)

ZMI Employed in Zmijewski (1984)

ASA Employed in Altman and Sabato (2007)

SEB Employed in the SEBRA model (Bernhardsen and Larsen, 2007)

The feature selection methods are detailed in Section 3.3. Appendix C lists the input variables of the benchmark
sets (ALT, TAF, ZMI, ASA, and SEB).
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Table 4: Simulation of a competitive credit market with two banks — general versus industry-specific
datasets

LAS LIN
Market share of each bank in EUR (%) 50.8 49.1
Share of bankrupting borrowers in portfolio (%) 2.7 1.9
Share of bankrupting borrowers in the market (%) 57.1 34.6
Revenue 55,854.8 50,954.0
Loss 24,169.3 17,302.1
Profit 31,685.5 33,652.0
Profit margin (%) 56.7 66
Return on assets (ROA) (%) 0.3 0.4
Return on risk-weighted assets (RORWA) (%) 0.5 0.6

The first bank in the simulation uses the variable set chosen by the LASSO method when using the full sample
(LAS). The second bank, LIN, uses for each potential borrower the variable set chosen by LASSO that corresponds
to the potential borrower’s industry (see Table IA.1, Panels A to H, in the Internet Appendix) or the variable set
chosen by the overall model, as in LAS, for industries that are too small to select a separate variable set. The table
shows the market share for each bank, as well as the share of borrowers that went bankrupt in each bank’s loan
portfolio and the share of all borrowers in the market that went bankrupt who borrow from each bank. Further,
it reports revenues, losses, and profits of each bank in EUR millions, as given in Equation (6). Finally, the table
presents profit margins, return on assets (ROA), which is profit divided by total amount lent, and return on risk-
weighted assets (RORWA), calculated by following the Basel III regulatory framework. We use in our simulation
all financial statements in our sample from the accounting years 2010-2017 (see Figure 1).
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Figure 2: Illustration of the DNN for any financial statement n

Input Hidden Hidden Output
layer layer 1 layer 2 layer

The circles represent nodes, where vén " is the value of the nodes & € {1,...,5} for hidden layer / € {1,2}, and

v is the value of the output node. The values are computed as illustrated in Figure 3. All the values of the

Further, all the values o’%“the nodes in the first hidden layer are inputs for the computation of values for each of
the nodes in the second layer. Finally, all the values of the nodes in the second hidden layer are inputs for the
computation of the value of the node in the output layer. Appendix B further details the DNN.
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Figure 3: The computation of the values of the nodes in the hidden and output layers of the DNN

input 1 o— weight 1 bias
fValu:; l the value
rom the input 2 o— weight 2 transfer of the node:
previous function vl orve
(n,h) n
layer : :
input 5/I o— weight 5/1

The values of all the nodes (or input variables) in the previous layer are inputs for the computation of each node.
First, each of these inputs are multiplied by an associated weight. Second, a sum of all these products and a bias
value are the input of a transfer function. Finally, the output of this transfer function is the value of the node.
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Figure 4: AUC obtained when using the different input variable sets given in Table 1
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The AUC values are the mean of AUC across the eight evaluations for the years 2010-2017, as shown in Figure
1. For WRA, LAS, FIL, and RAN, we let the predetermined number of input variables in the sets vary between 1
and 15. Top and bottom panels show in-sample AUC and out-of-sample AUC, respectively. Left and right panels
display results when using LR and DNN, respectively, as estimation technique.
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Figure 5: Stability of variable selection
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the years 2010-2017 for different predetermined number of variables in sets. The green and red diagonal lines
represent the best and worst possible cases, respectively.
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Figure 6: The percentage marginal increase in AUC
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The percentage marginal increase in in-sample (left panel) and out-of-sample (right panel) AUC when expanding
the size of the input variable set selected by the LASSO method. The AUC values represent the mean of AUC
across the eight evaluations for the years 2010-2017, as defined in Figure 1.
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Figure 7: The importance of the variables selected by the LASSO method
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accounts payable / total assets

—— dummy; one if total liability exceeds total assets
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The standardized coeflicients in Equation (3) for the variables selected by the LASSO method (see Table 2) for
different values of the positive tuning parameter A when using all data in the sample period 2006-2017.
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Figure 8: Total cumulative amount lent within percentiles of amount borrowers are willing to borrow —

General versus industry-specific variable sets
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All potential borrowers, i.e., financial statements of accounting years 2010-2017 with interest bearing debt, are
grouped into percentiles based on the amount they are willing to borrow ordered descendingly. Panel A shows,
for each percentile, the amount each bank lends to borrowers who actually not bankrupted up to that percentile
as a proportion of the total amount lent to all borrowers who actually not bankrupted. Panel B displays the same
for borrowers who actually bankrupted. There are eight banks in the simulation, each using one of the variable
sets WRA, LAS, FIL, ALT, TAF, ZMI, ASA and SEB, as shown in Table 1. Each potential borrower chooses to
borrow exclusively from the bank offering the lowest credit spread.
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Figure 9: Total cumulative amount lent within percentiles of amount borrowers are willing to borrow when
assessing bank profitability of industry-specific variable sets
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All potential borrowers, i.e., financial statements of accounting years 2010-2017 with interest bearing debt, are
grouped into percentiles based on the amount they are willing to borrow ordered descendingly. Panel A shows,
for each percentile, the amount each bank lends to borrowers who actually not bankrupted up to that percentile
as a proportion of the total amount lent to all borrowers who actually not bankrupted. Panel B displays the same
for borrowers who actually bankrupted. There are two banks in the simulation. The first bank uses the variable
sets selected by the LASSO method when applied to financial statements of companies from all industries in the
sample (LAS). The second bank uses LIN. That is, for each potential borrower, the bank uses the variable set
chosen by LASSO that corresponds to the potential borrower’s industry (see Table IA.1, Panels A to H, in the
Internet Appendix) or the variable set chosen when applying the full sample, as in LAS, for industries that are too
small for selecting a separate variable set. Each potential borrower chooses to borrow exclusively from the bank
offering the lowest credit spread.
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Appendix A. All input variables considered in this study

Table A.1: Input variables for bankruptcy prediction

The table lists all 155 input variables considered in our study. It also reports the Pearson correlation coefficient
(PCC) between the values of the input variables and the actual classifications of non-bankrupt (0) or bankrupt (1)
for each financial statement. The sample consists of 1,002,325 financial statements whereas 1.72% are categorized
as bankrupt. Input variables are sorted according to the absolute value of PCC (in descending order).

Description PCC
accounts payable / total assets 0.17
dummy; one if total liability exceeds total assets 0.16
total equity / total assets -0.15
(current liabilities - short-term liquidity) / total assets 0.15
total liabilities / total assets 0.15
current liabilities / total assets 0.15
net income / total assets -0.13
retained earnings / total assets -0.13
dummy; one if paid-in equity is less than total equity -0.13
pre-tax profit / total assets -0.13
EBIT / total assets -0.12
working capital / total assets -0.12
EBIT / total tangible assets -0.12
operating profit / total assets -0.12
EBITDA / total assets -0.11
(short-term assets - total liabilities) / total assets -0.11
interest expenses / total assets 0.11
public taxes payable / total assets 0.10
total expenses / assets 0.10
operating expenses / total assets 0.10
(non-interest expenses - salary) / total assets 0.09
accounts payable / current liabilities 0.09
sales / total tangible assets 0.08
sales / current assets 0.08
sales / total assets 0.08
(shareholder’s equity + total revenues) / total assets 0.08
total revenues / total assets 0.08
investment turnover (sales / (total equity + total liabilities)) 0.08
net income / (total liabilities + paid-in capital) -0.07
inventory / current assets 0.07
retained earnings / tangible assets -0.07
operating profit / paid-in capital -0.07
log(age in years) -0.07
short-term liquidity / current assets - 0.07
salary / total assets 0.06
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Table A.1: Input variables in our study, descending by the absolute value of PCC (continued)

Description PCC
(current assets - short-term liquidity) / total assets 0.06
pre-tax profit / paid-in capital - 0.06
net income / paid-in capital - 0.06
short-term liquidity / total assets -0.05
log(total assets) -0.05
effective tax rate -0.05
retained earnings / inventory -0.05
working capital / long-term liabilities -0.05
total equity / long-term liabilities -0.04
interest income / total assets -0.04
dividends / net income -0.03
quick assets / sales -0.03
sales / tangible assets 0.03
net quick assets / inventory -0.03
operating expenses / sales -0.03
(total revenues - sales) / total revenues -0.03
short-term liquidity / sales -0.03
total equity / (total equity + long-term liabilities) -0.03
operating profit / total revenues 0.03
total equity / fixed assets -0.03
short-term liquidity as a percentage of the capital employed -0.03
quick assets /total assets -0.03
interest income / interest expenses -0.03
long-term liabilities / total assets 0.03
sales / short-term liquidity 0.02
EBIT / interest expense -0.02
current liabilities / total equity -0.02
sales / total equity -0.02
intangibles / total assets 0.02
current assets / total equity -0.02
(total revenues + interest income) / total expenses -0.02
sales / working capital -0.02
total liabilities / total equity -0.02
total revenues / net working capital -0.02
working capital / operational expenditure -0.02
total revenues / sales -0.02
current assets / total assets (net liquid assets / total assets) 0.02
fixed assets / total assets -0.02
fixed assets / total equity -0.02
(long-term liabilities + total equity) / fixed assets -0.02
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Table A.1: Input variables in our study, descending by the absolute value of PCC (continued)

Description PCC
total assets / total revenues -0.02
sales / stock holders equity 0.02
working capital / sales -0.02
return on net fixed assets -0.02
interest-bearing debt / total equity -0.02
total revenues / total expenses -0.02
long-term liabilities / total equity -0.02
personnel costs / added value -0.02
current assets / sales -0.02
net income / gross profit 0.02
retained earnings / sales -0.02
total equity / sales -0.02
current liabilities / sales -0.02
accounts receivable / accounts payable -0.02
non-interest expenses / operating profit -0.01
(inventory + accounts receivables) / total equity -0.01
accounts payable / sales -0.01
operating profit / sales 0.01
net income / total equity 0.01
EBIT / sales -0.01
working capital / current liabilities -0.01
pre-tax profit / sales -0.01
net income / sales -0.01
interest expenses / total revenues -0.01
operating profit / (operating profit - interest expense) -0.01
financial expenses / sales -0.01
financial expenses / sales -0.01
income gearing -0.01
pre-tax profit / ordinary expenses -0.01
interest expenses / total expenses -0.01
accounts receivable / sales -0.01
intangible assets / sales -0.01
inventory / working capital -0.01
accounts payable / inventories -0.01
cost of goods sold / inventory 0.01
quick assets / current liabilities -0.01
current liabilities / total liabilities 0.01
sales / inventories -0.01
owners equity / total assets 0.01
short-term liquidity / current liabilities -0.01
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Table A.1: Input variables in our study, descending by the absolute value of PCC (continued)

Description PCC
tales / assets employed -0.01
long-term liabilities / current assets -0.01
pre-tax profit / total equity 0.01
(total equity - intangible assets) / (total assets - intangible assets - short-term liquidity) | - 0.01
total equity / total liabilities -0.01
retained earnings / current liabilities -0.01
current assets/total liabilities -0.01
pre-tax profit as a percentage of the capital employed -0.01
profit before tax/current liabilities 0.01
inventory / cost of goods sold -0.01
(quick assets / current liabilities) X interest earned ratio -0.01
working capital / total equity 0.00
solvency ratio - 0.00
return on debt (earnings / total liabilities) -0.00
EBIT / total liabilities -0.00
short-term liquidity / total liabilities - 0.00
EBITDA / interest expense -0.00
EBITDA / total liabilities 0.00
interest bearing debt / total liabilities -0.00
sales / fixed assets 0.00
share of labour costs 0.00
working capital / total revenues - 0.00
current liabilities / earnings before tax and interest charge - 0.00
no-credit interval 0.00
inventory / current liability 0.00
(sales - cost of goods sold) / sales 0.00
cost of goods sold / sales - 0.00
sales / accounts receivable 0.00
current assets / common shareholder’s equity 0.00
total revenues / fixed assets 0.00
return on capital employed -0.00
operation asset / total asset 0.00
current liabilities / current assets -0.00
earnings after tax and interest charge / net capital employed 0.00
profits / net working capital 0.00
inventory / sales - 0.00
net income / total revenues -0.00
fixed assets / (paid-in capital + long-term liabilities) 0.00
accounts receivable / total liabilities 0.00
interest expenses / total liabilities 0.00
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Appendix B. The Deep Artificial Neural Network

In this appendix, we provide details about the DNN and how we train it. Let
V! = {vfn’h)}nzl _____ na=1..5 be the values of the nodes A for the financial statements n for hidden

layer [ € {1,2}. The values of the nodes in the first and second hidden layers, respectively, are

given by

V=g (XW' +(b')") (B.1)

V2= ¢ (VIW? 4+ ((b?)") (B.2)

where X = {X(u}n=1.. ni=1..s 15 @ matrix of values for input variables i, w! = {w}’h} and

W? = {w;,} are matrices of weights, b' = {b,} and b® = {b;} are vectors of biases, T denotes

the transpose of any matrix or vector, ¢ is an N X 1 vector of ones, and ¢(a) = ¢ @ (¢ + exp (—a))

is the logistic transfer function. Further, the vector of the nodes in the output layer v* = {v/} is
given by

v = o (VEw® + 1) (B.3)

where w® = {w}} is a vector of weights, 5” is a bias value, and ¢(a) = a is the linear transfer
function. We stack all the Q weights and biases of the DNN in the vector & = {r,},-1 . This
means that the values of the output nodes can be written as v°(x) = {v(n)}.

We train the DNN (i.e., estimate all weights and biases) by using the Levenberg-Marquardt
backpropagation algorithm (Marquardt, 1963; Hagan and Menhaj, 1994). It follows an iterative
procedure which updates 7. Each iteration is called an epoch. When training, we use all finan-
cial statements from the four previous accounting years, as described in Figure 1. The training
procedure starts with randomly grouping 70% of these financial statements into a training set
of size M. Further, it groups the remaining 30% into a validation set of size K. Further, before
any epoch, we set the values of 7 to randomly chosen initial values.
fications of non-bankrupt (0) or bankrupt (1) of the financial statements in the training set and

validation set, respectively. Further, let v®*() = {v;;"(m)}p=1,.. 0 and vOU(m) = (V7" (Mher,..x

.....

be the values of the output nodes of the DNN for the financial statements in the training set and
validation set, respectively. For each epoch, the training procedure first computes the sum of

squared validation errors by

K
W(m) = > (ef(m)’ (B.4)
k=1
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procedure computes the numerical approximation of the Jacobian matrix of the training errors

e’ (m) = {e) (m)}m=1...m =y — V*" () at the current point 7 arranged by:

de] de]
dmy """ dng
J=1: :
dey, dey,
dmy Tt dnmg
Third, the fitting procedure updates 7 by
r=n+ [T+l JTe7(n) (B.5)

where I is the identity matrix and p is a scalar for controlling the step size. We use 0.001
as the initial value of u in the first epoch. Fourth, the fitting procedure uses this updated m
to recompute the sum of squared validation errors by I'(r) = Z,’;l (e,’j(n))z. Fifth, the fitting
procedure updates the value of u by u = ud, where 6 = 0.1 if I'(mr) < ¥(r) and 6 = 10 if
['(mr) > Y(mr). This results in bigger steps in Equation (B.5) for each epoch when the training
procedure is taking steps in the direction of lower sum of squared validation errors, and smaller
steps when the steps are in the direction of higher sum of squared validation errors. Finally, the
fitting procedure checks if any stopping criteria is reached. If so, the training procedure stops,
and we obtain the values of the weights and biases z. If not, the training procedure continues

with the next epoch. As stopping criteria, we use:

u > 101

['(r) > Y(m) for six epochs in a row

The training procedure has done 1000 epochs
['(nr)=0

The performance gradient, given as (JV)™ e”(«r) where JV is the numerical approximation

A

of the Jacobian matrix of e¥(rr) at rr, falls below 1077

For the first epochs, typically I'(x) < W(rr), meaning that the predicting accuracy of the DNN
on the validation set keeps improving. However, after several epochs, typically the predicting
accuracy on the validation set deteriorates for each epoch. This is an indication of overfitting.
The training procedure therefore stops, to prevent overfitting, when I'(r) > W(r) for several

epochs. This is expressed by the first two stopping criteria above.
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Appendix C. The input variables in the benchmark sets

Table A.2: Input variables in the benchmark sets

The model of Altman (1968) (ALT)

EBIT / total assets

retained earnings / total assets
sales / total assets

total equity / total liabilities
working capital / total assets

The model of Taffler (1984) (TAF)

current assets/total liabilities
current liabilities / total assets
no-credit interval

profit before tax/current liabilities

The model of Zmijewski (1984) (ZMI)

current liabilities / current assets
net income / total assets
total liabilities / total assets

The model of Altman and Sabato (2007) (ASA)

current liabilities / total equity
EBITDA / interest expense
EBITDA / total assets

retained earnings / total assets
short-term liquidity / total assets

The SEBRA model (Bernhardsen and Larsen, 2007) (SEB)

accounts payable / total assets

dummy: one if paid-in equity is less than total equity
EBITDA / total liabilities

log(age in years)

log(total assets)

public taxes payable / total assets

total equity / total assets

working capital / total revenues
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