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1 Introduction

A primary objective of multivariate volatility models is accurately describing the stylized
facts of asset returns and their second-order moment dynamics. Much effort has there-
fore been devoted to precisely capturing the salient features of financial returns, such as
fat tails, leverage effects and time-varying cross-asset dependencies, which has generated
numerous model specifications. While their widespread use is a vivid testimony to their
success, extant multivariate volatility models do little in terms of offering an intelligible
interpretation of the shock system which drives asset returns: they are merely reduced
form models. This stands in sharp contrast to macroeconomics which has seen the de-
velopment of structural models alongside reduced form models. Besides reflecting the
pertinent features of the modeled economic system, structural models at the same time
identify the shock system and the shock propagation channels. As a key advantage, they
allow for counterfactual policy analysis and an interpretation of shocks. Such a modeling
framework is currently missing in the extant literature on multivariate volatility models.

In this work, we make a first step towards extending reduced form multivariate volatility
models to structural models in the macroeconometric sense. In this literature, a valuable
resource for identifying restrictions in structural modeling is economic reasoning. Iden-
tification of high-frequency speculative return systems, however, proves to be difficult as
economic theory provides little guidance on establishing identifying conditions. Against
the background of the increasing availability of narrative records and news data at high
frequency, we argue that a proxy-based identification offers an untapped potential for
identification of reduced form volatility models.

Clearly, the notion of an inherent link between information flows and volatility has been
present in volatility modeling for decades; see, e.g., the mixture of distributions hypoth-
esis of Clark (1973), asymmetric and news-augmented GARCH models, or the concept
of the news impact curve in GARCH modeling, up to the most recent literature on news
in the high frequency volatility framework (Groß-Klußmann and Hautsch, 2011; Boller-
slev et al., 2018; Boudoukh et al., 2018). Our identification strategy builds on the fact
that news items can be interpreted as proxies for public fundamental information. The
assumption that asset prices – at least partly – reflect the fundamental value of assets
through the trading of informed investors in the spirit of the efficient market hypothesis
implies that intraday news flows drive return and volatility patterns. Building on this
tenet, we employ multiple proxy variables and achieve full identification of the shock
system by chaining Givens rotations. As a result, we obtain a structural decomposition of
the multivariate volatility system and labelled structural shocks.

A proxy-based identification approach for multivariate volatility models bridges the lit-
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erature on multivariate GARCH models with that on macroeconometric identification
where numerous identification strategies for reduced form models have been proposed
in the context of structural vector autoregressive models (sVARs) (see, e.g., Ramey (2016)
or Kilian and Lütkepohl (2017) for an overview). Typically, these identification strate-
gies are based on economic theory describing the relationships of the involved variables.
Prominent examples include short- and long-run restrictions, sign restrictions and ex-
clusion or ordering restrictions imposed on the reduced form model. More recently, the
narrative identification approach as initiated by Romer and Romer (2010) has made in-
roads in the sVAR literature. Building on the idea of using narrative records for identifica-
tion, Mertens and Ravn (2013) and Stock and Watson (2012, 2016, 2018) have developed a
proxy-sVAR approach linking macroeconomic fundamentals to labelled structural shocks
by using proxy variables. We translate and extend this strategy to full identification in the
MGARCH context.

We are not the first to address identification in multivariate volatility models. However,
existing approaches impose statistical restrictions for identification, which are often hard
to interpret narratively. For example, van der Weide (2002) imposes that observed vari-
ables be driven by latent univariate uncorrelated GARCH processes which are linked by
a time-invariant linear map. Similarly, Rigobon (2003) exploits the existence of structural
breaks in the unconditional variances of structural shocks for identification. Weber (2010)
assumes constant or dynamic conditional correlations in the structural innovations for
identification. What these strategies share is that the dynamics of the suggested reduced
form models are more restrictive than, e.g., a full BEKK model. More recently, Hafner
et al. (2020) develop an identification strategy in the tradition of independent component
analysis which exploits the fact that under independence of the structural components
at most one component can be Gaussian. Thus, to infer the structural decomposition
of the conditional covariance matrix, they build on the iid assumption underlying the
strong GARCH equation. In contrast to previous studies, their model allows retaining
full flexible dynamics in the conditional covariance process. However, as statistical iden-
tification approaches, none of these strategies necessarily delivers structural shocks with
economically meaningful properties. In contrast to extant structural multivariate volatil-
ity models, our identification scheme delivers readily interpretable labelled shocks.

Availability of daily news and daily asset return data allows us to identify the structural
model in a high-frequency setting. In an empirical application to the S&P 500, the yield
of the U.S. constant maturity 10 year treasury note and a USD index basket, we analyze
spillover effects in a structural context. As proxy variables, we use news sentiment in-
dicators with regard to the U.S. stock market indices and to the U.S. bond market. We
identify an equity shock, a bond shock and a currency shock. To further corroborate these
labels, we make the additional effort to trace the most extreme shock observations back
to major financial and economic news events.
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Our findings contribute to the understanding of the joint dynamics of equity, bond and
fx markets by revealing how structural shocks spread through financial markets. We find
evidence that the spillover mechanism is clearly non-symmetric, which invalidates spec-
tral decompositions, a typical ad hoc attempt to address the identification issue. We find
that volatility reception and transmission patterns between the assets and the structural
shocks change considerably over time and with the local and global economic state. For
example, we discover that the share of impact of the equity shock on the S&P 500 returns
has diminished from 1998 to 2012 – a trend starting long before the financial crisis of 2008
– with impact shifting to the treasury yield returns instead. This finding complements
a strand of literature suggesting a strong link between fixed income and equity markets
(Rigobon and Sack, 2003; Ehrmann et al., 2011).

With regard to econometric modeling, in a contribution to both the sVAR and MGARCH
literature, we extend the proxy identification strategy to allow for full identification of
a multidimensional system by means of chaining Givens rotations. The use of Givens
rotations in low-dimensional sVAR analyses dates back to Canova and Nicolo (2002),
Rubio-Ramirez et al. (2010) and Fisher and Huh (2019) but has not been coupled with a
proxy-based and full identification strategy to date. While the idea of employing Givens
rotations in the context of multivariate volatility modeling is not novel (see, e.g., van der
Weide (2002), Dellaportas et al. (2017) and Hafner et al. (2020)) the extant literature tends
to lack rigor in terms of angle space parameterization and examination of the involved
mappings and topologies; for example, the angle domain choice matters for the efficient
coverage of the space of all attainable rotations. In our setting, to ensure the unique iden-
tification of the angle parameters we aim to estimate, we give a precise account of the
algebraic, geometric and topological aspects of Givens rotations, parameter domains and
the characteristics of the involved mappings. For that matter, we expect this part also to
be of general interest, independent of the contributions of the paper with regard to struc-
tural volatility modeling.

The remainder of the paper is structured as follows. In Section 2, we present the struc-
tural identification strategy using proxy variables. Section 3 lays out the MGARCH esti-
mation underlying the identification. Results relating to consistency from a Monte Carlo
simulation study are provided in Section 4. Section 5 gives the results of the empirical
application of our model. Section 6 concludes.
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2 Structural identification

2.1 Rotation invariance and identification problem

We consider the system of n speculative (log) returns given by

rt = µ +εt (t ∈ I := {1, . . . , T}) (1)

where we set µ = 0, for simplicity. The n-dimensional reduced-form innovation vector εt

satisfies
E[εt|Ft−1] = 0

E[εtε
>
t |Ft−1] = Ht ,

(2)

where Ft is the σ-algebra generated by the returns up to and including time t. The con-
ditional covariance matrix Ht is assumed to be positive definite with probability one.
Furthermore, εt is generated according to

εt|Ft−1 ∼ Qtξt , (3)

where (ξt)t∈I is an n-dimensional vector of structural shocks with E[ξt] = 0 and E[ξtξ
>
t ] =

In, the n-dimensional identity matrix. Qt denotes an a priori unknown structural decom-
position of Ht which satisfies QtQ>t = Ht. We assume that the mathematical matrix
decomposition mechanism is time-invariant. Qt is the transmission mechanism of the
underlying economy that translates the structural shock ξt into the observable reduced-
form innovation εt.

To illustrate the identification problem more clearly, let Q̃t be any matrix square root such
that Ht = Q̃tQ̃>t . One obtains another matrix square root by setting

Ht = Q̃tQ̃>t = Q̃tRR>Q̃>t = (Q̃tR)(Q̃tR)> , (4)

where R is a real (n× n) rotation matrix satisfying

R>R = RR> = In (orthogonality)

det(R) = +1 (proper rotation).
(5)

Given an initial decomposition Q̃t, identification of the true structural matrix square root
Qt thus amounts to identification of the unique rotation R̃ such that Q̃tR̃ = Qt.

As a consequence of non-identification, the choice of the matrix decomposition is often
determined by an ad-hoc decision. For instance, popular choices are the principal square
root, which is obtained from an eigenvalue decomposition of Ht, or the square root given
by a Cholesky factorization of Ht. Each choice has its own drawback, as the former im-
plies a symmetry of shock transmissions (Hafner et al., 2020), whereas the latter imposes
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a specific ordering of variables, which requires cogent economic justification. For this rea-
son, we suggest employing additional external information about the economy to prop-
erly identify the matrix square root by means of a proxy variable strategy.

2.2 Identification by proxy

As the true structural relationship (3) is unobservable, we consider the principal matrix
square root as initial decomposition of the conditional covariance matrix Ht = Q̃tQ̃>t .
The reason is that the principal square root is known to be positive definite if and only
if Ht is1 and positive definiteness of Q̃t ensures invertibility of all other matrix square
roots Q̃tR: Indeed, the existence of an (n × n) matrix Q̃−1

t such that Q̃−1
t Q̃t = In im-

plies that, for any (n× n) rotation matrix R, there exists a matrix B = (Q̃tR)−1 such that
B(Q̃tR) = R−1Q̃−1

t Q̃tR = In.

Given that Ht is Ft−1-measurable, we define standardized residuals ut by

εt = Qtξt = Q̃tR̃ξt

⇔ R̃ξt =
(
Q̃t
)−1

εt =: ut
(6)

We decompose the (n× n) matrix R̃ into the vector R̃.1 corresponding to the first column
of R̃ and an ((n× (n− 1)) remainder matrix R̃∗. Correspondingly, we splitξt into a shock
of interest ξ1t, which, without loss of generality, can be assumed to be the first vector
entry, and a remainder ξ1∗

t . This decomposition yields:

ut = R̃.1ξ1t + R̃∗ξ1∗
t (7)

Hence, for partial identification of the model, we need an estimate of R̃.1.

In many cases however, one is interested in full identification of the underlying structural
model. For this purpose, we need an estimate of R̃. For this purpose, we generalize ideas
of Stock and Watson (2012) and Mertens and Ravn (2013). Assume there exists a centered
(n− 1)-dimensional instrument process Z = (Zt)t∈I such that, for all i = 1, . . . , n− 1,

E[ξitZit] = φi ∈ R \ {0} (relevance) (8)

E[ξ i∗
t Zit] = 0(n−1)×1 (exogeneity) (9)

1A real symmetric (n × n) matrix H can be factorized as H = ΓΛΓ>, where Γ is an orthogonal (n ×
n) matrix, which has the normalized eigenvectors of H as columns, and Λ is a diagonal matrix of the
eigenvalues. The principal square root of H is defined as ΓΛ1/2Γ> where Λ1/2 denotes the diagonal matrix
of the square root of the eigenvalues. It is the unique square root which has non-negative eigenvalues, i.e.
it is positive semidefinite and symmetric; see Horn and Johnson (2012, Theorem 7.2.6).
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where the subscript i denotes the i-th vector element and the product process (ξtZit)(t=1,...,T)
is weakly stationary.2 Taking expectations in (7) and using (8) and (9), we have

E[utZ1t] = E[R̃.1ξ1tZ1t + R̃∗ξ∗t Z1t] = R̃.1 E[ξ1tZ1t] = R̃.1φ1 , (10)

which allows one to identify R̃.1 up to an unknown scalarφ1, i.e., up to scale and sign.

Similar to Lunsford (2015), we identify this scalar by exploiting the unit L2-norm of the
columns of the rotation matrix:

E[Z1tu>t ] E[utZ1t] = φ1R̃>.1R̃.1φ1 = φ2
1 (11)

Thus, by inserting (11) into (10), we obtain:

R̃.1 = ± E[utZ1t]
(

E[Z1tu>t ] E[utZ1t]
)−1/2

. (12)

In (12), the sign is determined by the covariance of the instrumental variable and the
structural shock of interest, i.e. by φ1. Thus, by the orthogonality property of rotation
matrices, we can infer the structural shock of interest as

(R̃.1)>ut = ξ1t. (13)

Likewise, we can infer the first column of the structural decomposition of Ht of our econ-
omy, Q.1,t. In a bivariate system, this determines the entire rotation matrix due to (5).
In order to identify the full rotation matrix in a general n-dimensional system, we make
use of the entire proxy variable vector and exploit that n-dimensional rotations can be
expressed as sequences of Givens rotations.

2.3 A general recurrence scheme for full identification

We now suggest a recurrence scheme for full identification of the rotation matrix of or-
der n ∈ N≥2. In this case, n(n−1)

2 restrictions are sufficient and necessary for identification.
The idea is to build on two basic facts of rotations: (i) rotations in Rn are isomorphic to the
special orthogonal group SO(n), which consists of orthogonal matrices with determinant
+1; and (ii) special orthogonal groups of order n ∈ N≥2 form a subgroup of SO(n + 1).3

The group structure implies that every rotation in SO(n) can be expressed as a composi-
tion of n(n−1)

2 elemental rotations. Geometrically, these elemental rotations, called Givens

2We could at this point also go with less, that is with mean-stationarity of the product process, but
assuming covariance stationarity we can apply non-restrictive weak laws of large numbers to show the
consistency of our estimator.

3The space of orthogonal matrices is more commonly known as the Stiefel manifold in algebraic topol-
ogy. It features a topology which fundamentally differs from the Euclidean topology.
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rotations, correspond to sequences of rotations taking place in two-dimensional planes
that are embedded in the n-dimensional space. The (n

2) ways to position two-dimensional
planes in Rn correspond to the postulated n(n−1)

2 elemental rotations. Let θi j denote the
angle of rotation in the embedded plane spanned by the axes xi, x j (i, j ∈ {1, . . . , n}, i 6= j)
in direction of axis x j in an n-dimensional Euclidean space. Then the rotation in this plane
can be expressed by the following (n× n) rotation matrix Ri j:

Ri j(θi j) = {rk,l}(k,l=1,...,n) where



rii = cos(θi j)

ri j = − sin(θi j)

r ji = sin(θi j)

r j j = cos(θi j)

rkk = 1 (k 6= i, j)

rkl = 0 (otherwise),

(14)

i.e., an elemental rotation holds all dimensions – apart from i, j – fixed through an under-
lying identity matrix scheme: the rotation occurs in the subplane spanned by axis i and
j. The convention of each angle representing a rotation about a distinct fixed axis is com-
monly referred to as a Tait-Bryan system. It makes our calculations tractable as we always
keep at least one dimension fixed. Keeping our coordinate system fixed, we perform ro-
tations of points relative to the initial coordinate system instead of rotating the coordinate
system itself; i.e., we perform active or extrinsic (contrary to passive or intrinsic) rotations
where the rotations act on the coordinates as defined in the initial and fixed coordinate
system reference frame. This choice appears most reasonable in an economic setting for
comparison reasons.4 For a positive angle θi j > 0, the elemental rotation occurs counter-
clockwise. Intuitively, the inverse of the corresponding rotation matrix corresponds to a
clockwise rotation in the subplane by the same angle. We perform rotations both in coun-
terclockwise and clockwise directions, when facing the positive direction of an axis, such
that all rotation angles can be positive and negative. This is especially convenient in an
economic application as it allows the rotation matrix to deviate in both angle directions
from the identity matrix as an initial state where volatility transmission and reception
between assets are symmetric.

Any rotation R̃ in Rn can be expressed as a continuous and differentiable composition
of these elemental “(2 × 2)-type” orthogonal matrices (see Hoffman et al. (1972) for an
excellent derivation). For the present work, we specify this composition as

R̃ =
n−1

∏
i=1

n

∏
j=i+1

Ri j(θi j)

= R12(θ12) · · · R1n(θ1n)R23(θ23) · · · Rn−1,n(θn−1,n).

(15)

4Illustratively, we do not take the pilot’s view steering a plane, where his reference frame changes with
every reorientation of the plane in space, but always compare rotations from the starting perspective.
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Note that this is just one possible composition of elemental rotations yielding R̃. As ma-
trix multiplication is non-commutative, the order of the elemental rotations has to be
predetermined to ensure uniqueness of the estimated rotation angles. Thus, the determi-
nation of the order of the elemental rotations is an econometric identification condition.
It has, however, no economic implications, because one always rotates through all two-
dimensional mutually orthogonal subplanes.5 The ordering principle we adopt in (15)
ensures that the composition of the antecedent m(m−1)

2 elemental rotations forms an m-
dimensional rotation in SO(m) (m ∈ N≤n). As we pre-multiply the rotation matrix from
the left hand side to a column vector – see, e.g., (6) – we choose in (15) a cascading scheme
which chains several subrotations together. We illustrate this point further in Section 2.4.

To outline the general n-dimensional case to infer unique rotation angles, denote the co-
sine (sine) evaluated at an angleθi j by ci j (si j). We assemble the n(n−1)

2 angular parameters
θi j, (i = 1, . . . , n− 1, j = i + 1, . . . , n), in the angular parameter matrix Θ given by

Θ =



0 θ12 θ13 . . . . . . θ1n
... 0 θ23 θ24 . . . θ2n
...

... . . . . . . . . .
...

...
... . . . . . . . . . ...

0 0 . . . . . . 0 θn−1,n


(16)

The n(n−1)
2 angles θi j, (i = 1, . . . , n − 1, j = i + 1, . . . , n) describing an n-dimensional

rotation R̃nD with n ∈ N≥2 can be found by the following recursive approach: For the
angles θi j, with i = 1, . . . , n− 2 and j = i + 2, . . . , n, marked in (16) in red, it must hold
that

sin = R̃((n−i+1)D)
ni

si j = R̃((n−i+1)D)
ji /

(
ci,( j+1) · . . . · cin

) (17)

where the angles are in
[
−π2 , π2

)
; the remaining (n− 1) angles θi,(i+1), marked in blue on

the first off-diagonal of Θ, have domain [−π , π).6 These latter angles can be found from:

si,(i+1) = R̃((n−i+1)D)
i+1,i /

(
ci,(i+2) · . . . · cin

)
ci,(i+1) = R̃((n−i+1)D)

ii /
(

ci,(i+2) · . . . · cin

) (18)

5For example, the rotation T defined in Hoffman et al. (1972) follows the ordering principle of

T =
n−1

∏
i=1

n−2

∏
j=0

(
Rn−i,n− j(θn−i,n− j)

)>
.

In the three-dimensional case, T corresponds to our R̃>.
6For a derivation of the angular parameter domains, see Hoffman et al. (1972) but note that the ordering

principle of the elemental rotations differs.
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If any angle θi,k in the denominator of (17) or (18) is equal to −π2 all subsequent angles
listed in this row of Θ can be chosen arbitrarily. To preserve bijectivity, we set those angles
to a preliminary value of zero in these cases. At the parameter boundaries of the first off-
diagonal angle parameters in Θ with domains [−π , π) we experience singularities where
bijectivity and continuity of the map between the real projective space of rotations and
the angle parameter space fails.7 While the existence of discontinuities in the Givens
representation may seem troubling, the singularities can always be shifted by using a
different angle parameterization scheme due to the cyclical property of rotations. More
generally, instead of viewing the angle parameter space as an n-dimensional interval in
the Euclidean space, it is more convenient to view the angle parameter space topologically
by “glueing” oppposite faces of the n-dimensional interval where the singularities occur
together. While in the Euclidean space the discontinuities at the domain boundaries are
of jump type, in this new topology, the discontinuities are removable.8

Instead of (17) and (18), the determination of the angles can be completed by a recurrence
scheme. This is numerically preferable if a two-argument arctan function, which returns
values lying in the specified angle domains and takes into account signs, is available.9 In
this case, the angles θi,(i+1) (i = 1, . . . , n− 1) are recovered from

tan(θi,(i+1)) = R̃(n−i+1)D
i+1,i /R̃(n−i+1)D

ii

sign(si,(i+1)) = sign
(

R̃(n−i+1)D
i+1,i

)
sign(ci,(i+1)) = sign

(
R̃(n−i+1)D

ii

)
θi,(i+1) ∈ [−π , π)

(19)

The remaining angles θi j with i = 1, . . . , n − 1 and j = i + 2, . . . , n can be determined
from the relations

tan(θi j) =
(

R̃(n−i+1)D
ji si,( j−1)

)
/R̃(n−i+1)D

( j−1),i

sign(si j) = sign
(

R̃(n−i+1)D
ji

)
θi j ∈

[
−π

2
,
π

2

) (20)

Similarly to the previous setting, if any term si,( j−1) should be equal to R̃(n−i+1)D
( j−1),i all sub-

sequent entries R̃(n−i+1)D
k,i , k = j, . . . , n cannot be determined and the remaining angles

7For example, the inverse map from SO(2) to [−π , π) features a discontinuity at F =

(
−1 0
0 −1

)
,

because both R12(−π) and limθ→π R12(θ) converge to F. In the empirical application, these observations
correspond to the most extreme deviations from the regime of symmetric spillovers.

8Coming back to the discontinuity in the inverse map from SO(2) to [−π , π) this strategy corresponds
to connecting the limit points by bending the interval line into a circle.

9Such a function is available in Matlab under the name “atan2.”
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θik in this row of Θ are set to zero.

In summary, all n(n−1)
2 angles determining the n-dimensional rotation matrix can be iden-

tified if parts of the full rotation matrix as compositions of elemental rotations are known.
Given either a rotation matrix or a set of rotations angles, we can reconstruct the corre-
sponding angular or matrix representation. This implies that the availability of (n − 1)
valid instruments allows for identification of the n-dimensional rotation matrix. We lay
out the estimation strategy in Section 2.5.

2.4 Illustrative examples

For illustration, we give here the rotation matrices and their decompositions into elemen-
tal matrices in the three- and four-dimensional case explicitly. In two dimensions, the ro-
tation R̃(2D) by an angle θ12 is defined by one elemental rotation. Defining its domain by
[−π , π) there is a one-to-one correspondence between the angles in the parameter space
and the elements of SO(2). Hence, knowledge of the rotation matrix allows inference of
the corresponding unique rotation angle and vice versa.

In the three-dimensional case, the composition of three elemental rotations according
to (15) yields:

R̃(3D) =
n=2

∏
i=1

n=3

∏
j=i+1

Ri j(θi j) = R12R13R23

=

c12 −s12 0
s12 c12 0
0 0 1

c13 0 −s13

0 1 0
s13 0 c13

1 0 0
0 c23 −s23

0 s23 c23


=

c12c13 −c23s12 − c12s13s23 −c12c23s13 + s12s23

c13s12 c12c23 − s12s13s23 −c23s12s13 − c12s23

s13 c13s23 c13c23


Hence, knowledge of R̃(3D)

.1 allows inference of the rotation angles θ12 and θ13 because:

s13 = R̃(3D)
31

s12 = R̃(3D)
21 /c13

c12 = R̃(3D)
11 /c13

(21)

where the parameter domains θ13 ∈
[
−π2 , π2

)
and θ12 ∈ [−π , π) ensure full coverage of

SO(3). Furthermore, this choice of domains ensures the existence of a one-to-one corre-
spondence between angle parameters and elements of SO(3), i.e., there exists a bijective
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mapping between angle and matrix representation of the rotation. If θ13 = π
2 such that

cos(θ13) = 0, the subsequent angle θ12 can be chosen arbitrarily in the identification pro-
cedure and is preliminarily set to zero.10 It may be identified in a subsequent step. The
angle θ23 ∈ [−π , π) which completes the three-dimensional rotation, even though it does
not appear in (21), can be identified given an estimate of the two-dimensional subrota-
tion R23 embedded in the three-dimensional space. Thus, all angles can be retrieved by a
recursive approach.

We lastly consider the case n = 4. According to (15), the four-dimensional rotation is
described by

R̃(4D) =
3

∏
i=1

4

∏
j=i+1

Ri j(θi j) = R12R13R14R23R24R34

As the rotation matrix is pre-multiplied from the left to the structural shock vector, the
completion of the four-dimensional rotation is based on the precedent three-dimensional
subrotation of the vector (see (22) and the entries marked in yellow in (2.4) representing
the fixed fourth dimension). The three-dimensional subrotation builds in turn on the
antecedent two-dimensional subrotation which is the first operation to be performed on
the shock vector:

R̃(4D) = R12R13R14 R23R24 R34︸︷︷︸
=R̃(2D)︸ ︷︷ ︸

=R̃(3D)︸ ︷︷ ︸
=R̃(4D)

(22)

To keep indexing tractable, we do not differentiate whether a two-dimensional rotation
R̃(2D) takes place in a two-dimensional space or whether it is embedded in a higher di-
mensional space as in the formula above, because the matrix dimensions should be clear
from the context. The four-dimensional rotation matrix is given explicitly by:

R̃(4D) = R12R13R14R23R24R34

=


c12 −s12 0 0
s12 c12 0 0
0 0 1 0
0 0 0 1




c13 0 −s13 0
0 1 0 0

s13 0 c13 0
0 0 0 1




c14 0 0 −s14

0 1 0 0
0 0 1 0

s14 0 0 c14




1 0 0 0
0 c23 −s23 0
0 s23 c23 0
0 0 0 1




1 0 0 0
0 c24 0 −s24

0 0 1 0
0 s24 0 c24




1 0 0 0
0 1 0 0
0 0 c34 −s34

0 0 s34 c34


10Geometrically, this parameter setting introduces a projection into the two-dimensional subspace

spanned by the axes x2 and x3. If we picture again the set-up of a plane, the x-axis representing the per-
spective of the pilot coincides in this case with the z-axis of the original reference frame. This corresponds
to the loss of one degree of freedom in the angular parameters.
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=


c12 −s12 0 0
s12 c12 0 0
0 0 1 0
0 0 0 1




c13 0 −s13 0
0 1 0 0

s13 0 c13 0
0 0 0 1




c14 0 0 −s14

0 1 0 0
0 0 1 0

s14 0 0 c14




1 0 0 0
0 c23c24 −c34s23 − c23s24s34 −c23c34s24 + s23s34

0 c24s23 c23c34 − s23s24s34 −c34s23s24 − c23s34

0 s24 c24s34 c24c34

 (23)

=


c12c13c14 ∗ ∗ ∗
c13c14s12 ∗ ∗ ∗

c14s13 ∗ ∗ ∗
s14 c14s24 c14c24s34 c14c24c34


where we keep those entries in the rotation matrix which allow one to straightforwardly
identify the angle parameters given that the first column of the rotation matrix is known.
The domains of the angles are [−π , π) for θ12,θ23,θ34 and [−π2 , π2 ) for all others. Clearly,

knowing the first column of the rotation matrix, R̃(4D)
.1 , allows one to inferθ12,θ13 andθ14.

2.5 Estimation strategy

Although it may seem tempting to estimate all columns of the rotation matrix separately
with n− 1 independent instruments, this does not generally lead to a well-defined rota-
tion matrix as the L2-norms of its rows may not scale to one. An n-dimensional rotation
matrix must satisfy not only the n column unit norm constraints but also (n − 1)/2 or-
thogonality constraints. The latter are not enforced when employing the proxy variables
individually. Thus, to obtain an estimate of the full n-dimensional rotation matrix, we
propose the following vertical alignment strategy.

Let the asset system (εt)t∈I be of dimension n and assume that for the first (n− 1) com-
ponents of ξt instruments Z1t, ..., Zn−1,t are given. We lay out the algorithmic principle to
recover the structural rotation matrix in Algorithm 1:
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Algorithm 1:
Result: full n-dimensional rotation matrix

Initialization:
1. Estimate sequence of n-dimensional conditional covariance matrices (Ht)t∈I ;
2. Compute principal square roots (Q̃t)t∈I and standardized residuals (ut)t∈I ;
for (i = 1, . . . , n− 1): do

1. Estimate R̃((n−i+1)D)
.i using Zi;

2. Solve for (n− i) rotation angles and obtain transition matrix Dn−i+1;
3. Standardize R̃((n−i+1)D) with Dn−i+1;

end
Use obtained angles to compute full n-dimensional rotation matrix.

We illustrate the algorithm for i = 1: We start by estimating R̃(nD)
.1 . Knowledge of the first

column of the rotation matrix provides us with the solutions to the first (n− 1) rotation
angles. These angles are contained in the matrix Dn in the formula below:

R̃(nD) = R12 · · · R1n︸ ︷︷ ︸
:=Dn

· R23 · · · · Rn−2,n−1Rn−2,n Rn−1,n︸ ︷︷ ︸
:=R̃(2D)︸ ︷︷ ︸

:=R̃(3D)︸ ︷︷ ︸
:=R̃(n−1)D

Here, R̃((n−1)D) has the structure:

R̃((n−1)D) =


1 0 · · · 0
0 ∗ · · · ∗
...

... · · · ...
0 ∗ · · · ∗


Because the (n − 1)-dimensional rotation embedded in the n-dimensional space keeps
the first dimension fixed as the first column of R̃((n−1)D) contains a unit vector with a
unit element on the first entry, the first column of the product D−1

n R̃(nD) equals the first
standard basis vector by construction. As a composition of elemental rotations, Dn is a
rotation matrix and thus it is invertible. We estimate the second column of R̃(nD) using
the second proxy variable. Multiplication with the inverse of Dn yields

⇔ D−1
n R̃(nD) = R23 · · · · Rn−3,nRn−2,n Rn−1,n︸ ︷︷ ︸

:=R̃(2D)︸ ︷︷ ︸
:=R̃(3D)︸ ︷︷ ︸

:=R̃(n−1)D

(24)

Focusing on the second column only we obtain

D−1
n R̃(nD)

.2 = R̃((n−1)D)
.2 = (0, ∗, · · · , ∗)>

14



from which we infer the next (n − 2) rotation angles θi j (i = 2, j = i + 1, . . . , n). We
iteratively continue these steps, until we arrive at the two-dimensional subsystem in the
lower right corner, from which we derive the last angle θn−1,n. This yields all rotation
angles defining the full rotation R̃nD.

2.5.1 Estimation and consistency

Without loss of generality, we consider the estimation of the first column of an n-dimen-
sional rotation matrix R̃ by means of a proxy variable for the structural shock of interest
ξ1t, the first entry of the shock vector. Let z1 = (z11, . . . , z1T)

> be the vector of the ob-
served instrumental variable process Z1 and let û = (û1, . . . , ûT) denote the matrix of
estimated standardized residuals of the n-dimensional asset return system. In order to
estimate R̃.1, we define the estimators of (10) and (11) as

ψ̂1 := ̂̃R.1φ =
1
T

T

∑
t=1

ûtz1t (25)

and

φ̂2 =

(
1
T

T

∑
t=1

z1tû>t

)(
1
T

T

∑
t=1

ûtz1t

)
(26)

Then we obtain the estimator for R̃.1 as

̂̃R.1 = ±
(

1
T

T

∑
t=1

ûtz1t

)[(
1
T

T

∑
t=1

z1tû>t

)(
1
T

T

∑
t=1

ûtz1t

)]−1/2

(27)

The estimation can thus be accomplished by using only the observations of the instru-
mental variable z1 and the estimates of the standardized residuals û. The estimation
procedure is repeated iteratively for all columns of the rotation matrix.

Let η denote the vector of parameters defining the dynamics of the conditional covariance
matrix Ht = Ht(η) and assume that Ht is a continuous function of the true parameter vec-

tor η0. Let η̂ denote the corresponding estimator. In order to establish consistency of ̂̃R.1
we adopt the following assumptions:

Assumption 2.1.

(a) η̂
p−→ η0

(b) 1
T ∑

T
t=1ξtz1t

p−→ E[ξtZ1t]

where
p−→ denotes convergence in probability. Given these assumptions, we can establish

the consistency of our estimator:
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Proposition 2.1. Under Assumption 2.1, we have: ̂̃R.1
p−→ R̃.1.

Proof. The continuous mapping theorem implies by (a) that Ht(η̂)
p−→ Ht(η0) as T → ∞.

Thus, the decomposition Q̃t(η̂) converges to Q̃t(η0) because the usage of the unique pos-
itive definite principal square root as initial decomposition Q̃t represents a (uniformly)
continuous operation in the space of positive definite matrices. By another application
of the continuous mapping theorem we obtain ût = Q̃t(η̂)−1εt

p−→ Q̃t(η0)
−1εt = ut. As

ut = R̃ξt, it holds that 1
T ∑

T
t=1 utz1t = 1

T ∑
T
t=1 R̃ξtz1t = R̃ 1

T ∑
T
t=1ξtz1t. By the continu-

ous mapping theorem and assumption (b) 1
T ∑

T
t=1 ûtz1t consistently estimates E[utZ1t] =

R̃.1φ. Consistency of the estimators (26) and (27) follows by another application of the
continuous mapping theorem. Note that assumption (b) does not require imposing an
iid assumption but allows for a certain degree of serial correlation through the choice of
a suitable weak law of large numbers (WLLN). For instance, we can choose a WLLN for
weakly stationary correlated sequences with limT→∞ 1

T ∑
T
i=0 cov((ξtZ1t)(ξt−iZ1,t−i)) =

0.11

With the consistent estimates of the columns of the rotation matrix at hand, we can
uniquely infer the corresponding rotation angles defining the elemental rotations. Note
that the inverse map allowing the computation of the rotation angles based on elements
of SO(n) features discontinuities at certain angle domain boundaries. The continuous
mapping theorem is still applicable by characterizing continuity in terms of preimages of
open sets and considering the angular parameter space in a topological sense instead of
interpreting it as an n-dimensional interval in the Euclidean space. Geometrically speak-
ing, by glueing those interval faces at which we experience singularities (see the angular
parameters marked in blue in (16)) together, we remove the discontinuities in the new
topology.12 Thus, the estimate of the rotation matrix obtained is consistent under the
given assumptions. Our simulations support this finding.

2.5.2 Testing

To justify the structural modeling approach, we develop two tests:

(1) a test for departures from symmetric volatility spillovers as implied by the usage of
the (non-structural) principal square root

11In the VAR literature it is common to impose E[Z1tut− j] = 0 ( j 6= 0). Should this condition not be
satisfied, it can be recovered by regressing z1t on ut and using the residual of this regression as a proxy
variable.

12For SO(2) this corresponds to interpreting the parameter interval as a circle; for SO(3) this corresponds
to interpreting the parameter space as a cylinder; see e.g. Hemingway and O’Reilly (2018).
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(2) a test of joint irrelevance of the proxy variables employed for identification.

To investigate the first hypothesis, we suggest a Wald test based on the estimated rotation
matrix. We investigate whether the model-implied spillovers are symmetric as implied
by a spectral decomposition – a typical ad-hoc solution to identification – or whether
the volatility spillovers between the assets are in fact asymmetric. In the latter case, the
estimated rotation matrix departs from the identity matrix postulated under the null hy-
pothesis.

The second test investigates the validity of the relevance assumption (8) underlying the
proxy variable approach, which becomes testable once the model is identified. In a par-
tial identification setting, we can test it by means of a t-test. As the structural shocks have
unit variance and the instrument series can, without loss of generality, be assumed to be
normalized, testing for zero covariance amounts to testing for zero correlation between
the inferred structural shock and the corresponding proxy variable. For fully identified
models, we develop a Wald test for joint irrelevance of the proxy variables, as in this set-
ting we can infer the entire set of structural shocks and jointly test for zero correlation.

To build an inference framework, we follow ideas of Brüggemann et al. (2014, 2016) and
Jentsch and Lunsford (2019). We adopt the following additional assumptions:

Assumption 2.2.

(1) Let xt := (u>t , Z>t )
>, such that the (2n− 1)-dimensional process (xt)t∈Z consists of

the n-dimensional standardized residual series and the (n− 1) dimensional instru-
ment series, and assume that the product process (utZ>t )t∈Z is weakly stationary.

(2) Letαx(h) = supA∈F t
−∞ , B∈F∞

t+h , (t∈Z) |P(A ∩ B)− P(A)P(B)|, h ∈ N denote the alpha-

mixing coefficients of the process (xt)t∈Z where F t
−∞ := σ(x j : j ≤ t) and F∞

t+h :=

σ(x j : j ≥ t + h). Assume furthermore that supt E
[
|xt|2β2β

]
< ∞ where |M|p =(

∑i, j |mi j|p
)1/p

for some matrix M = (mi j) and let ∑h≥1αx(h)
1− 2

β < ∞ for some
β > 2.

(3) Define the (n× n) matrices τh = E[(Zitut)(Zi,t−hut−h)
>] (h ∈ Z) and assume that

V := ∑
+∞
h=−∞ (τh −ψiψ

>
i
)
, where ψi := φiR̃.i, exists and is positive definite.

The weak stationarity assumption (1) is needed to meet the relevance condition (8) and
for the application of a suitable CLT.13 The summability condition in (2) ensures that
αx(h) → 0 as h → ∞ such that the process (xt)t∈Z is said to be α-mixing. The mix-
ing condition allows for general forms of serial dependence, for example for conditional

13Jentsch and Lunsford (2019) assume strict stationarity to derive their CLT result, an assumption which
can be relaxed in accordance with the assumptions made in Herrndorf (1984).
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heteroscedasticity. In particular, neither the standardized residuals nor the proxy vari-
ables must be iid. Assumption (3) guarantees the existence and positive definiteness of
the asymptotic variance of our estimator introduced below in Proposition 2.2 which is
also required for the application of the CLT. Note that the summability condition and
the moment condition in (2) are sufficient to prove the existence of V by Davidson (1994,
Corollary 14.3).

Proposition 2.2. Let ψi := φiR̃.i and define ψ̃i := φ̃iR̃.i = 1
T ∑

T
t=1 utZit. Under Assump-

tion 2.2, we have √
T(ψ̃i −ψi)

d−→ N(0, V)

where d−→ denotes convergence in distribution.

Proof. To prove this CLT result under α-mixing assumptions on (xt)t∈Z we use the CLT
of Herrndorf (1984) (see Francq and Zakoı̈an (2010, Theorem A.4)) generalized to random
vectors by means of a Cramér-Wold device (see Davidson (1994, Theorem 25.5 & 25.6)).
Let λ ∈ Rn such that ||λ|| = 1 and define Λit = λ>ιit where ιit := utZit −ψi. By the
moment boundedness condition on (xt)t∈Z in (2), the univariate process (Λit)t∈Z satisfies
supt E[|Λit|β] < ∞ for some β > 2. Furthermore, Davidson (1994, Theorem 14.1) implies
that the α-mixing coefficients (αΛ(h), h ∈ N) of the process (Λit)t∈Z decay at the same

rate as (αx(h), h ∈ N) of the process (xt)t∈Z, such that we have ∑h≥1αΛ(h)
1− 2

β < ∞ by
the summability condition in Assumption 2.2. Together with the assumptions in (3) we
can apply the CLT of Herrndorf (1984) in combination with the Cramér-Wold theorem.
The limiting variance of

√
T(ψ̃i −ψi) is given by

Var

(
1√
T

T

∑
t=1
ιit

)
=

1
T

T−1

∑
h=−(T−1)

min(T,T+h)

∑
t=max(1,1+h)

cov(ιit, ιi,t−h)

→
+∞
∑

h=−∞ cov(Zitut, Zi,t−hut−h) =
+∞
∑

h=−∞
(
τh −ψiψ

>
i

)
as T → ∞ which completes the proof.

To conduct the Wald test for departures from symmetric spillovers, we use Proposition
2.2 to derive the limiting distribution of the estimated rotation matrix in Corollary 2.1.

Corollary 2.1. Under Assumption 2.2, we have:

√
T( ˆ̃R.i − R̃.i)

d−→ N(0, W)

where W = MψVM>ψ and Mψ := −ψi(ψ
>
i ψi)

− 3
2ψ>i + (ψ>i ψi)

− 1
2 In.
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Proof. As R̃.i is a smooth function of ψi, which is by assumption not the zero vector, we
can apply the Delta method to obtain the asymptotic covariance matrix of the estimators
of the rotation matrix based on a sandwich form. To derive Mψ we rewrite the estimator
as ˜̃R.i = ±

(
1
T

T

∑
t=1

ûtzit

)[(
1
T

T

∑
t=1

zitû>t

)(
1
T

T

∑
t=1

ûtzit

)]−1/2

= ±ψ̃i

(
ψ̃i
>
ψ̃i

)− 1
2

Then Mψ is given by:

Mψ :=
∂R̃.i
∂ψ>i

= ±
(
−1

2
ψi(ψ

>
i ψi)

− 3
2 (ψ>i (In + In)) + (ψ>i ψi)

− 1
2 In

)
= ±

(
−(ψ>i ψi)

− 3
2ψiψ

>
i + (ψ>i ψi)

− 1
2 In

)
.

Based on this result, we formulate a Wald test to check whether the estimated rotation
matrix departs from the identity matrix by restricting the off-diagonal elements of the
first (n− 1) columns of the rotation matrix to be zero.

We proceed in a similar fashion to establish an inference framework for testing of joint
irrelevance of the employed proxy variables.

Practically, we base the tests on ût rather than ut. We therefore incur an additional error
that is due to estimating η by the QML method. Unfortunately, it appears quite difficult
to account for this additional sampling variation. However, our empirical evidence is
sufficiently compelling to leave room for robustness under an inflated asymptotic vari-
ance due to sampling variability of the BEKK parameters. We estimate the asymptotic
covariance matrix by means of a Newey-West heteroscedasticity and autocorrelation ro-
bust estimator with automatic lag length selection and thus account for heteroscedasticity
and serial correlation of unknown forms.

3 MGARCH model

Let the process (ξt)t∈Z ⊆ Rn denote an n-dimensional real-valued strict white noise pro-
cess with zero mean and unit covariance matrix, i.e. ξt ∼ SWN(0, In). The process (εt)t∈Z
follows a strong multivariate GARCH process if it satisfies:

εt = H1/2
t ξt (t ∈ Z). (28)
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Here, H1/2
t ∈ Rn×n denotes a matrix square root obtained by a decomposition of the

form H1/2
t

(
H1/2

t

)>
= Ht of the sequence of positive definite matrices (Ht)t∈Z. The pro-

cess (Ht)t∈Z is covariance stationary and measurable with respect to the filtration Ft−1 =

σ({εs : s ≤ t− 1}), (εt)(t∈Z) is a multivariate martingale difference with E[εt|Ft−1] = 0
(E[|εt|] < ∞) and its conditional covariance matrix is given by Var[εt|Ft−1] = Ht. In
order to specify the conditional dynamics of the process, various specifications have been
proposed, among which the parametric VEC and BEKK GARCH models enjoy great pop-
ularity (Bauwens et al., 2006). The BEKK GARCH model of Engle and Kroner (1995) can
be seen as a restricted VEC model which ensures positive definiteness of Ht by construc-
tion. The n-dimensional process (εt)t∈Z admits a BEKK(p, q) specification if Ht satisfies
for all t ∈ Z:

Ht = CC> +
p

∑
i=1

A>i εt−iε
>
t−i Ai +

q

∑
j=1

B>j Ht− jB j (p, q ∈ N) (29)

where C is a lower triangular matrix and Ai and B j are coefficient matrices in Rn×n. The
intercept matrix CC> is by construction symmetric and positive semi-definite and posi-
tive definite if C has full rank. The latter ensures positive definiteness of (Ht)t∈Z. Bous-
sama et al. (2011, Theorem 2.4) show that under weak regularity conditions on (ξt)(t∈Z),
the multivariate GARCH process is ergodic, strictly and weakly stationary and invertible
if the eigenvalues of ∑

p
i=1 Ai⊗ Ai +∑

q
j=1 B j⊗ B j are less than one in modulus. Hafner and

Preminger (2009) provide conditions to establish consistency as well as asymptotic nor-
mality of the QML estimator assuming i.a. existence of second-order moments of (ξt)(t∈Z)
and finite sixth-order moments of (εt)t∈Z. The MGARCH model thus fulfills the require-
ments for identification postulated in Section 2.5.1. Due to the quadratic structure of
the BEKK(p, q) model, the parameter matrices are only identified up to sign. For the
BEKK(1, 1) case the model is uniquely identified assuming the diagonal elements of C
and the first matrix entries of A1, a11(1), and B1, b11(1), to be positive.

4 Simulation study

We present a simulation study to illustrate consistency of our identification strategy. The
focus of the simulation study is the transmission mechanism of the latent structural shocks
to the observable reduced form innovations (returns) through the strong GARCH equa-
tion. The basic set-up of the simulation draws on the design of a similar exercise in Hafner
et al. (2020).
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4.1 Design

We let the dynamics of the simulated covariance matrices (Ht)(t∈I) follow an n-dimensional
BEKK(1,1) model with n = 4 and parameter matrices

C =
1

1000


4 0 0 0

14.5 2 0 0
25 −8.5 2.5 0
10 4 −5 2.5


and

A =


0.14 0.05 0.05 0.05
−0.05 0.14 0.05 0.05
−0.03 0.05 0.14 0.03
0.03 0.05 −0.03 0.14

 , B =


0.96 −0.06 0.02 0.02
0.04 0.96 0.02 0.02
0.04 0.02 0.96 0.02
−0.02 −0.04 0.02 0.96

 .

While Hafner et al. (2020) discard the QML estimation steps in the simulation with ref-
erence to the consistency of the QMLE and evaluate results under the assumption that
(Ht)t∈I is known, we decide to conduct the estimation step despite slightly higher com-
putational effort to provide the full picture. The focus of the simulation study is the
structural transmission mechanism through the strong GARCH equation. We specify this
transmission as

Qt = Q̃tR̃

where Q̃t denotes the principal matrix square root of Ht and R̃ denotes the structural

rotation matrix. It is defined by the rotation angles θ(4) =
(
θ(3)

>
θ(3)

>)>
where θ(3) =

(θ12,θ13,θ23)
> = (0.1π , 0.25π , 0.4π). We simulate the latent structural innovations (ξt)t∈I

using

(1) standardized Student-t distributed pseudo random variables with ν = 10 degrees of
freedom

(2) multivariate standardized Student-t distributed random variables with ν = 10 de-
grees of freedom to allow for uncorrelated but dependent shocks.

We choose this set-up in order to simulate realistic market conditions. Gaussian inno-
vations are not ruled out. We generate the MGARCH return data by setting εt = Qtξt.
Furthermore, we consider (n− 1) time series of proxy variables which we construct by

Zt = Φξt +ζt

where Φ is a nonsingular n× n matrix andζt is an n× 1 error term which fulfills E[ζt] = 0
and Var(ζt) = diag(σ2

1 , . . . ,σ2
n). We refer to the latter setting as ideal conditions with
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small noise. Specifically, we set Φ = diag
(
(φ1, . . . ,φn)

>
)

withφi = 0.1 and specifyζit
iid∼

N(0, 0.12) (i = 1, . . . , n) as base setting. To investigate the effects of reduced correlations
we also consider weak instruments by setting Φ = diag(0.1, 0.05, 0.02, 0.01). Deviating
from the diagonal covariance structure for Φ, e.g. by employing a lower triangular matrix

Φ =


0.1 0.01 0.01 0.01
0 0.1 0 0
0 0 0.1 0
0 0 0 0.1

 ,

allows us to investigate the consequences of violations of the exogeneity assumption.

In line with our subsequent empirical application, we simulate for each time series a
sample size of T + 100 = 2100, 4100 and 8100 observations and discard the first 100 val-
ues in order to eliminate initialization effects. We perform each simulation N = 1000
times. Based on the simulated return and covariance matrix series, we compare the
true structural model with the proxy-identified model by means of the Frobenius norm

‖R̃− ̂̃R‖F =
√

∑
n
i=1 ∑

n
j=1(R̃i j − ̂̃Ri j)2.

4.2 Results

Table 1 displays the Frobenius losses under different simulation scenarios. The upper
left section of the table shows the losses in the base setting of ideal conditions with small
noise under standardized Student-t distributed random variables with ν = 10 degrees
of freedom and T = 2000, 4000 and 8000 observations. The extension of the time se-
ries horizon evidences consistency of our estimation strategy. The consistency results
are not visibly altered when using multivariate standardized Student-t distributed ran-
dom variables instead of independent Student-t distributed random variables to create
the structural shock vectors (see the right section of Table 1). Furthermore, the lower left
panel of Table 1 illustrates that the identification conditions are key. As one may expect,
violations of the relevance and exogeneity conditions result in strongly biased estimates
as the lower panels show.
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Figure 1: Demeaned daily log returns of the S&P 500 Composite Index (SP500), the yield
of the U.S. constant maturity 10 year treasury note (FRTCM10) and the Finex U.S. Dollar
Index (NDXCS00) from 1/1/1998 to 12/31/2014.

5 Empirical Application

In this section, we illustrate the structural proxy-MGARCH approach by analysing a sys-
tem of daily returns covering three major asset classes: equity, fixed income and the for-
eign exchange markets. These are the most important asset classes for portfolio optimiza-
tion. Consideration of returns of three fundamentally different financial markets is not
only interesting from a risk network modeling perspective, it also provides insight into
the dynamic interactions of these asset classes.

5.1 Data

We study daily price data ranging from 1/1/1998 to 12/31/2014 taken from Bloomberg.
Our asset triple consists of the S&P 500 Composite Index (SP500), the yield of the U.S.
constant maturity 10 year treasury note (FRTCM10) and the Finex U.S. Dollar Index
(NDXCS00). The Finex U.S. Dollar Index is a measure of the value of the U.S. dollar
relative to a basket of U.S. trade partners’ currencies which goes up when the U.S. dollar
gains value compared to the other currencies. We compute daily log returns rt for each
asset; see Figure 1. All series exhibit the typical features of daily return data, such as
heteroscedasticity and volatility clustering (see also the summary statistics in Table 2).
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Statistic SP500 FRTCM10 NDXCS00

Minimum -0.0950 -0.1847 -0.0275
Maximum 0.1093 0.0895 0.0236
Mean -0.0001 0.0000 -0.0000
Median -0.0000 0.0002 -0.0000
Std. Dev. 0.0125 0.0176 0.0052
Skewness -0.2033 -0.1360 -0.0343
Kurtosis 10.9287 8.4542 4.4914

Table 2: Descriptive statistics of the demeaned daily log returns of the S&P 500 Composite
Index (SP500), the yield of the U.S. constant maturity 10 year treasury note (FRTCM10)
and the Finex U.S. Dollar Index (NDXCS00) from 1/1/1998 to 12/31/2014; N = 4435
observations.

News data to proxy for the underlying structural shocks are taken from Thomson Reuters
MarketPsych Indices (TRMI). Thomson Reuters process news and social media in real-
time to construct economic indicators, among them sentiment indicators. The indicators
are available for individual companies, economic sectors, geographical regions, countries,
country markets, commodities and energy topics, indices as well as currencies. We use
TRMIs for the U.S. as a geographical and political entity as well as the U.S. as an economic
and financial marketplace. The TRMIs are available on a daily level. Only news items
published until 3:30 pm Eastern time are taken into account by Thomson Reuters for the
computation of the daily index values. This time window is not perfectly aligned with
the end of the official core trading session of the NYSE at 4:00 pm Eastern time, which
determines the closing price. As the news measurement window ends thirty minutes be-
fore market close, we may miss information inherent to important news items published
during the last thirty minutes of the core trading session, which may weaken our proxy.
However, the misalignment precludes a forward-looking bias of our proxy variables.

With regard to proxy variable selection, natural candidates are the U.S. stock index sen-
timent and the U.S. bond sentiment. The U.S. stock index sentiment is likely to reflect
unexpected economic and political news concerning the S&P 500, which represents the
500 largest U.S. companies by market capitalization, and is thus expected to proxy for
an equity market shock. Similarly, the bond market sentiment captures the perception of
news about government bond markets and is thus expected to proxy for a bond market
shock. As bond prices move in opposite direction to bond yields, a structural shock iden-
tified by means of the bond market sentiment is expected to be connected to the treasury
yield with reversed sign.

With regard to the range of the TRMIs, a value of zero is interpreted as a neutral sig-
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Figure 2: ARMA filtered and standardized U.S. stock index and bond sentiment on trad-
ing days from 1/1/1998 to 12/31/2014.

nal, negative values convey a negative signal and positive values accordingly a positive
one. Due to the allocation of news items on market levels, we do not face the difficulties
stemming from proxy variables being censored at zero as is common in the proxy-sVAR
literature. We fit flexible ARMA models to the series to distill the unexpected innova-
tions to the proxy series. Table 3 shows statistical summary measures of the resulting
indicators. Figure 2 shows the cleaned and standardized potential proxy time series.

Statistic stockIndexSentiment bondSentiment

Minimum -3.1342 -4.8296
Maximum 3.3754 5.5997
Mean -0.0000 0.0000
Median -0.0097 -0.0469
Std. Dev. 1.0000 1.0000
Skewness 0.0564 0.2383
Kurtosis 2.5325 4.2307

Table 3: Descriptive statistics for the standardized and filtered TRMI indices on trading
days from 1/1/1998 to 12/31/2014; N = 4435 observations.

5.2 Structural model

In this section we present the resulting structural model and conduct a narrative corrob-
oration of the estimation results followed by an analysis of the model-implied volatility
spillovers. We start the structural analysis by outlining the estimation results of the un-
derlying MGARCH model before proceeding with the presentation of the rotated model
offering structural insights.
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5.2.1 Estimation results

Table 4 documents the results of the quasi maximum likelihood estimation of the full
BEKK on the asset return system. By using the values of a diagonal BEKK specification as
starting values combined with a randomization strategy for the off-diagonal elements of
the coefficient matrices, we verify that the resulting estimates correspond to a maximum
of the loglikelihood function. We optimize the loglikelihood numerically using analytical
derivatives provided in Hafner and Herwartz (2008), while monitoring the spectral ra-
dius. Inference with regard to the coefficient matrices of the BEKK model is based on
t-statistics derived from the analytical derivatives. The diagonal parameters and selected
off-diagonal parameters of the coefficient matrices turn out to be statistically significant
at conventional levels. The Akaike criterion speaks in favor of the full BEKK specification
(see again Table 4) such that we base our further analysis on the latter model.

The analysis of the proxy variables reveals that the stock market index and bond mar-
ket sentiment seem to be relevant instruments; see Table 5. The inferred rotation angles
lie in the interior of the angular parameter space. They are clearly different from zero
causing the structural rotation matrix to depart from the identity matrix. This indicates
that spectral decompositions imposing symmetric spillover mechanisms are not applica-
ble. The Wald test confirms this finding; see Table 5. The correlation matrix of the inferred
structural shocks with the proxy variables shows a diagonal structure in agreement with
the relevance (8) and the exogeneity condition (9) with p-values of zero indicating the sta-
tistical significance of the relation of the structural shocks of interest and their respective
proxy variables. The Wald test for joint insignificance of the proxies supports this finding.
The inferred structural shocks are mutually and serially uncorrelated and seem to exhibit
white noise properties (see Table 6).

To substantiate the claim that our inferred model is indeed structural, we conduct a narra-
tive corroboration of the lower (upper)14 first percentiles of the structural shocks with the
major financial market news issued on the day of the shock occurrence. The results are
tabulated in Tables 8, 9 and 10. We can connect each structural shock to specific economic
and financial turmoil events reported in the news. As Tables 8, 9 and 10 show, the struc-
tural shocks are associated with distinct categories of news. ξ1 captures news related to
global economic and political uncertainty affecting equity markets as well as the impact
of unexpected events such as terrorist attacks. Moreover, it comprises news regarding the
financial standing of big U.S. companies and sectors while reflecting the outlook on U.S.

14Note that for the second and third shock the analysis is based on the upper first percentile. This is
due to the inverse relationship of bond prices and yields which implies a reversed sign in the associated
structural shock vector. The sign of the last shock vector is a priori undetermined but can be inferred from
the financial context for interpretation.
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economic activity. In addition, we find news items which debate the potential impact of
interest rate changes on equity markets. Importantly, ξ1 captures shocks related to the
financial crisis of 2008 and the European debt crisis and, related to this, fiscal shocks such
as sovereign rating changes.

The second structural market shock is driven almost exclusively by Fed announcements,
inflation data and employment reports with a smaller part of news related to economic
turmoil events threatening global economic prospects. It thus carries the flavor of a mone-
tary policy and macroeconomic outlook shock. The third shock vector captures all events
relevant to the system which are not covered by the first two structural shocks. Whereas
it does not have a structural interpretation a priori, our narrative corroboration approach
reveals that the third shock does indeed reflect a certain category of news, namely events
related to movements in the foreign exchange markets. While currency topics seem to
dominate, we also observe connections to the gold price, energy topics and trade bal-
ance matters. Concretely, the upper percentiles of the shock vector coincide largely with
USD dips and oil or gold rallies, whereas the lower percentiles correspondingly reflect
jumps in the USD and USD strength especially against the EUR. We thus conclude that
we identifyξ1 as equity shock, ξ2 as bond market shock and refer toξ3 as currency shock.
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proxy-MGARCH model(
θ̂12, θ̂13, θ̂23

)> 0.3811 −0.1885 −2.9164

ˆ̃R 0.9118 0.3238 −0.2526
0.3654 −0.9204 0.1393
−0.1874 −0.2193 −0.9575

ξ1 ξ2 ξ3

correlations Z1 0.3347 0.0000 −0.0000
Z2 0.0052 0.1936 0.0000

t-statistics Z1 23.6478 0.0000 −0.0000
Z2 0.3469 13.1349 0.0000

p-values Z1 0 1.0000 1.0000
Z2 0.7286 0 1.0000

Wald test distribution statistic critical value p-value

proxy irrelevance χ2
(2) 679.71 5.9912 0.0000

symmetric spillovers χ2
(4) 107.85 9.4877 0.0000

Table 5: Estimation results of the structural MGARCH model of the demeaned daily log
returns of the S&P 500 Composite Index (SP500), the yield of the U.S. constant maturity 10
year treasury note (FRTCM10) and the Finex U.S. Dollar Index (NDXCS00) from 1/1/1998
to 12/31/2014 when using the stock market index (Z1) and bond market sentiment (Z2)
TRMIs as proxy variables. The table shows, from top to bottom, the estimated rotation
angles, the estimated rotation matrix and the correlations of the proxy variables with the
inferred structural shocks ξ1,ξ2 and ξ3 including Wald tests for joint insignificance of the
proxies and symmetry of volatility spillovers.
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proxy-MGARCH model
Statistic ξ1 ξ2 ξ3

Mean −0.0106 0.0023 0.0077
Median 0.0224 −0.0022 0.0117
Minimum −7.2849 −4.6486 −4.3832
Maximum 3.6610 7.3030 5.4038
Std. Dev. 0.9903 1.0027 1.0006
Skewness −0.4683 −0.0190 0.1615
Kurtosis 4.7569 5.0415 4.0728

Ljung-Box test for serial correlation

Lag order p-value ξ1 p-value ξ2 p-value ξ3

l = 5 0.1631 0.0868 0.0769
l = 10 0.2133 0.1756 0.3679
l = 15 0.2607 0.1660 0.3881

Table 6: Descriptive statistics of the inferred structural shocks of the structural MGARCH
model of the demeaned daily log returns of the S&P 500 Composite Index (SP500), the
yield of the U.S. constant maturity 10 year treasury note (FRTCM10) and the Finex U.S.
Dollar Index (NDXCS00) from 1/1/1998 to 12/31/2014 using the stock market index and
bond market sentiment as proxy variables.

proxy-MGARCH model

correlations ξ1 ξ2 ξ3

ξ1 1.0000 0.0179 0.0171
ξ2 0.0179 1.0000 -0.0242
ξ3 0.0171 -0.0242 1.0000

p-values ξ1 0 0.2331 0.2544
ξ2 0.2331 0 0.1068
ξ3 0.2544 0.1068 0

Table 7: Correlations of the inferred structural shocks of the structural MGARCH model
of the demeaned daily log returns of the S&P 500 Composite Index (SP500), the yield of
the U.S. constant maturity 10 year treasury note (FRTCM10) and the Finex U.S. Dollar
Index (NDXCS00) from 1/1/1998 to 12/31/2014 when using the stock market index (Z1)
and bond market sentiment (Z2) TRMIs as proxy variables.
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5.2.2 Volatility spillovers

As Bauwens et al. (2006) state, the most obvious application of MGARCH models is
the analysis of volatility transmission mechanisms between several markets. With our
identified and labelled structural shocks at hand, we turn to an analysis of the volatility
spillovers implied by our model. We define the following two measures for volatility re-
ception and transmission which are weighted averages of the squared elements of Qt. Let
i, j ∈ {1, . . . , n}. Then volatility reception and transmission between i and j is measured
by

VRt,i← j =
q2

t,i j

∑
k
l=1 q2

t,il

(volatility reception) (30)

VTt,i→ j =
q2

t,i j

∑
k
l=1 q2

t,l j

(volatility transmission) (31)

where qt,i j denote the matrix entries of Qt. Volatility reception measures the share of
the impact of the j-th structural shock on the i-th return in relation to the impact of all
other shocks on this component. Volatility transmission measures the share of the impact
of the i-th structural shock on the j-th return component in relation to its impact on all
return components in the system. This definition follows a similar concept as the spillover
measures defined by Diebold and Yilmaz (2012) and Fengler and Herwartz (2018).

Figures 3 and 4 show the volatility reception and transmission mechanisms implied by
the structural model. We focus first on the reception mechanisms in Figure 3. Under-
standably, the equity shock contributes the most to S&P 500 return fluctuations, about
80% (see Figure 3a). The dominance becomes stronger since and in the aftermath of the
financial crisis (2008 - 2013) where the contribution amounts to up to 100%. While the
equity shock accounts for the largest share in S&P 500 return fluctuations, the bond mar-
ket shock shows notable contributions especially during calm market periods (see Figure
3b). This aligns well with Boyd et al. (2005), who finds evidence of strong responses of
the U.S. equity market to macroeconomic news dependent on the economic conditions.
With regard to the relative influence of the currency shock on the S&P 500 returns, there
seems to exist a relatively stable base level of volatility reception around 7% paired with
an absence of volatility reception during the quantitative easing efforts of the Fed (see
Figure 3c).

Turning to the second row in Figure 3, we see that the return on the yield shows a com-
parably lower but still pronounced volatility reception of on average 20% from the equity
shock (see Figure 3d). This reception strength increases in the course of the DotCom crisis
from 2000 to 2003 from a level close to zero to almost 60%, before dropping to a level of
around 15% in 2003, remaining stable until 2007. Subsequently, the link becomes strong
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again during the financial crisis (2007 - 2008) and the Euro zone crisis (2009 - 2014). Nat-
urally, the bond market shock contributes the most to movements in the yield (see Figure
3e) whereas the currency shock exhibits almost no influence (see Figure 3f) on yield varia-
tions. The observation that currency shocks contribute little to the volatility of equity and
bond returns aligns well with the findings, e.g., of Cenedese and Mallucci (2016).

Finally, the third row of Figure 3 depicts the volatility reception of the Finex U.S. Dol-
lar Index return from the structural shocks. While the contribution of the equity shock to
movements in the index returns is close to zero from 1998 to 2008, from the end of Septem-
ber 2008 to the end of May 2013 we observe a sudden surge in volatility reception to levels
of 20% and more from the equity shock (see Figure 3g). The latter time span corresponds
to a period of low interest rates reflecting the quantitative easing measures of the Fed and
consequential depreciations of the U.S. Dollar. Figure 3h documents a relatively strong
influence of the bond market shock on the Finex U.S. Dollar Index return which is in line
with the finding by Andersen et al. (2003) that U.S. macroeconomic news has a significant
effect on the U.S. Dollar - Euro exchange rate. According to Figure 3i the currency shock
contributes the most to movements in the returns. However, it seems to lose in terms of
relative importance over the sample period with its contribution dropping from a level of
close to 100% to around 80%.

Figure 4 documents the volatility transmission mechanisms. As a most striking obser-
vation we observe a secular trend in volatility transmission between equity and fixed
income markets (see Figures 4a and Figures 4d): The relative importance of the equity
shock on the S&P 500 return decreases in relation to its impact on all return components
in the system from approximately 80% to 50% while the relative importance of the equity
shock on the treasury yield increases simultaneously from 20% to a level around 50%.
While we may find such observations natural in light of quantitative easing measures of
the Fed, our analysis reveals that this development started much before the financial crisis
in 2008. This finding complements a strand of literature suggesting a strong link between
fixed income and equity markets (Rigobon and Sack, 2003; Ehrmann et al., 2011).

The transmission mechanism from the bond market shock to the S&P 500 return weakens
over time, decreasing from levels around 10% at the turn of the millennium to close to
zero by 2008; see Figure 4b. Figure 4e shows that this shift is mirrored in a stronger
transmission of the bond market shock to the treasury yield return over time.

Finally, the currency shock exhibits a distinct volatility transmission pattern on each re-
turn component. We observe the strongest total shock contribution in Figure 4i. The
transmission strength on the USD index return seems to fluctuate around a stable mean
level of 70%. In contrast, we observe surges in transmission strength to the S&P 500 re-
turn from 1998 to 2004 and from 2006 to 2009. While the transmission level to the treasury
yield returns is generally low at levels below 20%, it increases in the aftermath of the fi-
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nancial crisis, reaching a maximum of 60% during the Eurozone crisis in 2012. These
observations support the interpretation of the third shock as a currency shock.

6 Conclusion

We have introduced a proxy-based structural MGARCH model which extends the re-
duced form BEKK GARCH model to a structural model in the macroeconometric sense. It
guarantees flexible modeling of the multivariate volatility dynamics and simultaneously
identifies the underlying shock system and the shock propagation channels by deliver-
ing labelled structural shocks. Our identification strategy allows for full identification of
the structural rotation by means of a general recurrence scheme using Givens rotations
and multiple proxy variables. In an empirical application to a system of equity, bond
and foreign exchange returns, we obtain readily interpretable structural shocks and can
reveal structural volatility reception and transmission patterns between the three mar-
kets. In particular, the volatility spillover mechanism departs from symmetric spillovers
as implied by spectral decompositions as a typical ad hoc solution of the identification
problem. The interpretation of the model-implied structural shocks can be narratively
corroborated.

In his presidential address, Shiller (2017) emphasized the potential of narrative mea-
sures to identify exogenous shocks to the economy. Our identification strategy based
on news-related proxy variables confirms this potential and opens a pathway to further
research questions. For example, it would be appealing to embed our approach in a large-
dimensional MGARCH system which is driven by a small set of proxy-identified factors.
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(a) VR of ε1 from ξ1 (b) VR of ε1 from ξ2 (c) VR of ε1 from ξ3

(d) VR of ε2 from ξ1 (e) VR of ε2 from ξ2 (f) VR of ε2 from ξ3

(g) VR of ε3 from ξ1 (h) VR of ε3 from ξ2 (i) VR of ε3 from ξ3

Figure 3: Volatility reception mechanisms of the structural MGARCH model of the de-
meaned daily log returns of the S&P 500 Composite Index (SP500), the yield of the U.S.
constant maturity 10 year treasury note (FRTCM10) and the Finex U.S. Dollar Index
(NDXCS00) from 1/1/1998 to 12/31/2014 when using the stock market index (Z1) and
bond market sentiment (Z2) TRMIs as proxy variables.
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(a) VT from ξ1 to ε1 (b) VT from ξ2 to ε1 (c) VT from ξ3 to ε1

(d) VT from ξ1 to ε2 (e) VT from ξ2 to ε2 (f) VT from ξ3 to ε2

(g) VT from ξ1 to ε3 (h) VT from ξ2 to ε3 (i) VT from ξ3 to ε3

Figure 4: Volatility transmission mechanisms of the structural MGARCH model of the
demeaned daily log returns of the S&P 500 Composite Index (SP500), the yield of the
U.S. constant maturity 10 year treasury note (FRTCM10) and the Finex U.S. Dollar Index
(NDXCS00) from 1/1/1998 to 12/31/2014 when using the stock market index (Z1) and
bond market sentiment (Z2) TRMIs as proxy variables.
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